
Development of a Neutron Unfolding Code

Tabatha Felter∗

August 2, 2013

Abstract

As part of the testing process of the Rapid Automated Biodosimetry Tool (RA-
BiT), Columbia University’s Radiological Research Accelerator Facility (RARAF) is
developing a source of neutron radiation that would produce a radiation spectrum sim-
ilar to what was observed after the 1945 detonation of the atomic bomb at Hiroshima
to test RARAF’s biodosimetry throughput system. In the process of developing this
system, calibration measurements had to be taken and data analysis techniques had to
be perfected. This paper briefly describes the experimental setup, discusses methods
of neutron production, and describes an implementation of the FERDOR unfolding
code developed for use in calibration and data analysis for this experiment.

1 Introduction

Columbia University’s Radiological Research Accelerator Facility (RARAF) is cur-
rently developing the Rapid Automated Biodosimetry Tool (RABiT), a method of
biodosimetry capable of testing thousands of samples for radiation exposure per day.
In the process of testing this tool’s sensitivity to neutron radiation, RARAF is de-
veloping a radiation source that would mimic the energy spectrum produced in the
detonation of the atomic bomb at Hiroshima in 1945. This paper describes the devel-
opment of a new system to reproduce the neutron radiation spectrum observed 1.5 km
from epicenter of the detonation of the Little Boy atomic bomb in Hiroshima. The neu-
tron radiation spectrum would be produced by generating a beam composed of various
ions and then using it to bombard a beryllium target. The subsequent nuclear reaction
generates neutrons of various energies, which can then be used to irradiate biological
samples or small animals to study the effects of the neutron radiation. The beam com-
position produced in earlier publications was a 2 : 1 ratio of protons to deuterons.[?]
This paper focuses on the calibration and data analysis techniques used and developed
by the author as a participant in the Research Experience for Undergraduates (REU)
program to build and test this radiation source. Specifically, this paper focuses on the
data analysis tools used to deconvolve the spectra measured by the liquid scintillator.
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2 Theory, Setup, and Technique

2.1 Neutron Production

This calibration focused on two types of neutron production reactions: T(p,n)He and
D(d,n)He. To generate mono-energetic neutrons up to 3MeV , a tritium target was
bombarded with a proton beam, resulting in the reaction

3H +1 p→3 He +1 n (1)

For higher energy ranges up to 8MeV , a deuterium target and a deuteron beam
were used:

2H +2 H→3 He +1 n (2)

Based on the energy levels of the particle beams, the mass of the particles used in
the reactions, and the angle of the neutrons’ trajectories relative to the particle beam,
we can predict the energy levels that will be observed by our detectors, making this
setup an excellent for detector calibration.

For example, in the case of the first reaction, the expected neutron energy detected
can be calculated if we assume the collisions to be totally elastic, and if we are given
the energy of the beam (in this case, 4.1 MeV proton beam) and the angle from which
the detector is observing the neutrons (for the duration of this experiment, 15◦) by the
equations

En = ETB

[
cosψ ±

(
D

B
− sinψ2

) 1
2

]2
(3)

where En is the expected neutron energy, ψ is the angle of incidence of the neutrons
(15◦ in this case), and ET , D, and B are given by

ET = Ep +Q = En + EHe (4)

D =
MHMHe

(Mp +MH)(Mn +MHe)
(1 +

MpQ

MHET
) (5)

B =
MpMn(Ep/ET )

(Mp +MH)(Mn +MHe)
(6)

where Q is the disintegration energy of the reaction (E = (∆mtotal)c
2), MH is the

mass of a tritium nucleus, MHe is the mass of a helium nucleus, etc.[?] Based on this
analysis, En should be 3.2 MeV.

2.2 Detectors

This project utilizes two detectors: a BC-501 liquid scintillator and a gas proportional
counter. Both of these detectors were positioned 15◦ from the ion beam.
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Figure 1: Discrimination Between Gamma and Neutron Radiation Energy Spectra in
T(p,n)He Reaction. Notice the two distinctive peaks.

2.2.1 Liquid Scintillators and Neutron-Gamma Discrimination

Because both Gamma and Neutron radiation produce light scintillation, our data anal-
ysis must include a method for discriminating between the two types of radiation. For-
tunately, two types of radiation produce different shaped pulses; gamma radiation has
a very short rise time, so when we plot time vs. count, it appears on the lower end
of the timescale with a tall, thin peak. Neutron radiation has a longer rise time, so it
appears further to the right on the timescale with a wider, shorter peak.

2.3 The Unfolding Problem: FERDOR

Because the neutron spectrum is detected indirectly, an algorithm is necessary to unfold
the data into the actual neutron spectrum. The liquid scintillator detector did not have
a compatible program to unfold the data, so a Matlab implementation of the FERDOR
unfolding method was developed for this purpose.

2.3.1 Response Function

The relationship between any given data point recorded by a detector and the corre-
sponding value in the neutron spectrum is given by

yi + εi =

∫ Eup

Elo

x(E)Ai(E)dE, i = 1, 2, . . . , NR (7)
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where yi is the value of the measured spectrum in bin i, εi is the error associated
with that value, x(E) is the true spectrum, and Ai(E) is the response function of the
detector associated with bin number i. AidE is a probability factor measuring the
likelihood of a neutron E producing a count in bin i.[?]

For ease of computation, we can rewrite this as sum:

yi =

NC∑
j=1

Aijxj , i = 1, . . . , NR, (8)

where yi is the data recorded by the detector, xj is the corresponding point in the
neutron spectrum, NR is the number of bins used to organize the initial data, NC is
the number of bins used to organize the final neutron spectrum, and Aij is an element
of a response matrix filled with the calculated values of Ai at energy level j. If we turn
y1,...,NR and x1,...,NC into vectors, then we can express this relationship in terms of
matrix multiplication as: y1

...
yNR

 =

 A11 . . . A1NC

...
...

...
ANR1 . . . ANRNC


 x1

...
xNC

 (9)

Because [y] and [A] are both given, finding [x] should, in theory, be fairly simple:
if we assume NC = NR, then we only have to find [A]−1 and solve for [x] to find
our neutron spectrum. In practice, though, there are many issues with this approach:
because of experimental error, there is the possibility that [A]−1[y] contains negative or
even complex elements. Because [x] represents the number of neutron counts in a given
energy range, such elements are nonphysical. Even if all elements are physically viable
solutions, however, there is still the possibility of deviation from the true spectrum value
due to experimental or statistical error in the measured data, the response matrix, or
the neutron-gamma discrimination process. To minimize this error in [x], NC is set to
be less than NR.[?] As a result, [A] is no longer a square matrix, so we can no longer
take the inverse and solve for [x]. Instead, [x] is approximated using a psuedo-inverse
matrix and an objective function.

2.3.2 Pseudo-Inverse Matrices And Least Squares

FERDOR’s objective function seeks to minimize the difference between the actual
measured data points and the data points calculated by multiplying [A] and [x]; in
other words

X =

NR∑
i=1

|yi −
NC∑
j=1

Aijxj | (10)

where X is the cost we seek to minimize. Because X may or may not have a global
minimum, FERDOR squares both sides, utilizing the least squares algorithm:

X2 =

NR∑
i=1

(yi −
NC∑
j=1

Aijxj)
2 (11)
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The obvious answer is to find the minimum of X2 by setting its derivative to zero,
but this produces nontrivial error because of computer roundoff error.[?]1 Instead,
FERDOR calculates the best [x] iteratively: beginning with a “guess” spectrum, rep-
resenting a possible solution spectrum, the program calculates the X2 value for that
solution vector (xj) and adjusts xj to minimize X2. FERDOR repeats this process
until X2 cannot be further reduced. The “guess” spectrum is not chosen at random;
to maximize the probability that we will indeed find the correct solution spectrum, the
“guess” spectrum is calculated by finding the pseudo-inverse of the response matrix:

[x] =
[
[A]T [W ][A]

]−1
[AT ][W ][y] (12)

The [x] found by this formula is the first candidate solution vector. The unfolding
program then combines equations (11) and (12), using each element of the [x] calculated
in (12) as the xj in (11). As described above, the program continuously improves upon
the initial calculated [x] until it has found the optimal solution vector.

2.4 Adapting to Matlab

Because the existing unfolding code used in this experiment was no longer compati-
ble with RARAF’s operating systems, FERDOR had to be adapted to a more modern
computing language. Because FERDOR relies on a response matrix (represented equa-
tion (1) by Aij) that translates the data into a neutron spectrum, the method is most
easily executed through a series of matrix operations. This made Matlab, a language
designed specifically for dealing with matrices, an obvious choice.

2.4.1 STEPPER

The most challenging aspect of adapting FERDOR to Matlab was ascertaining how
to shift the solution vector with each iteration. Whereas in a case of fitting a straight
line to data, one only has two real options for how to alter the fitted solution (either
increase or decrease the slope), because of the nature of the data there are infinitely
many ways of adjusting the solution vector.

The selected approach treats the solution vector as the coordinates of a point in
multidimensional space, where each element represents one dimension of space. The
initial guess is another point in space. The problem, then, becomes a question of
how to travel from point 1 to point 2. While the most direct method would be a
straight line, the solution vector is unknown. All that can be known is whether or
not a given adjustment to the initial coordinates brings one closer or further from the
solution vector. Based on this information, a logical method of adjustment follows
naturally: let the traveler move along one axis, checking periodically to ensure that
the distance between himself and his destination is decreasing. When the traveler finds
the minimum distance he can achieve by traveling alone that axis, he will then begin
to travel along another axis until he finds the minimum distance between himself and
his destination, and so on and so forth until he finds the best approximation of his
destination point.

1While Johnson advises using correction factors to reduce computer round-off error, it was found that,
for our purposes, the formula presented above produced the best results.
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Figure 2: Three Dimensional Analogy of Optimization Algorithm

3 Testing: Simulation Results

The program was tested with two types of simulated data: data generated using a
response matrix calculated using a simulation of the scintillator setup described pre-
viously, and data generated using the response matrix published by Verbinski, et al,
in 1968[?]. Measured vectors were given by adding different columns of the response
matrix in different proportions to produce a measured vector where each energy bin
carried a given percentage of the overall number of counts, and then adding an error
vector, where the error is given by

[N ] = ±
√

[y] (13)

The plus or minus was randomly distributed throughout [N ].2 In the case of Verbin-
ski’s response matrix, once error was introduced, success depended in part upon the
user’s knowledge of the nuclear reactions involved. For example, in figure 3(a), al-
though the unfolding code produced a spectrum shape very close to the correct shape,
because of a large outlying spike in the higher channels (corresponding to higher energy
levels), the lower channels (corresponding to lower energy levels) were significantly re-
duced in magnitude. Nevertheless, it is encouraging that the program was able to find
the correct shape with such a wildly inaccurate guess vector (the guess in this case has
so many negative elements that, despite being normalized, there are elements ranging
over orders of magnitude).

2This discussion is based upon datasets where the number of counts of the simulated data was sufficiently
large (on the order of 104 to 105) to make this a fairly small percent error; in cases where there were only
tens or a couple of hundred of counts, the code was less successful because this practice produced nontrivial
error.
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In figure 3(b), on the other hand, a similar dataset was unfolded with a high degree
of accuracy because the response matrix was limited to those channels relevant to
the simulated experiment. In other words, because it was known in advance that there
would be negligible response in the higher channels, those higher channels were removed
from the response matrix. This reduced the possibility that errors in the response
matrix would corrupt the final spectrum, resulting in a more accurate calculation.

Figure 3: Accuracy of Unfolding Program: Verbinski

(a) Whole Response Matrix (b) Limited Energy Range

Figure 4: Accuracy of Unfolding Program: Simulated Spectrum
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4 Conclusions

Testing with the simulated response matrix further demonstrates the program’s suc-
cess at unfolding. Because the number of counts in the simulated measured vector
associated with this response matrix was so much later than the number of counts
in the simulated measurement used with Verbinski’s response matrix, the introduced
error was much smaller percentage wise in the case of the simulated response matrix,
leading to guess and unfolded spectra extremely close to the true spectrum.

Although the unfolding code presented performs excellently in unfolding simulated
spectra, it requires more testing and development with real data to confirm its accu-
racy. Unfortunately, although actual data has been taken, the response matrix used
in unfolding was a simulation, and the calculated neutron spectra were often inaccu-
rate. Because the true response matrix is unknown, it is unclear as to whether these
inaccuracies arose from miscalculations in the response matrix or an inherent flaw in
the optimization algorithm. Success in simulations suggest the former case to be more
likely, but further testing is needed to confirm this. To obtain an accurate response
matrix, future experiments will include replicating the experimental setup used by V.
Verbinski, et al, so that the response matrix calculated and published in their 1968
paper can be utilized[?]. Should the unfolding program successfully unfold mono-
energetic neutron spectra, the experiment will be able to move forward to testing the
proposed ion source.

Future refinement of the code would likely include the development of a smoothing
function. FORIST, the algorithm our program is modeled after, included an iterative
smoothing step in which a gaussian filter would be applied to the solution. Due to
difficulties calibrating the window-width this step required, and because the smoothing
was regarded as unnecessary to calculate accurate spectra, this version of the unfolding
code does not apply a gaussian filter to the result. Whether or not tests with real data
confirm this program’s accuracy, adding such a step would likely improve the quality
of the calculation.
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