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LIKELIHOOD IMPLEMENTATION IN TOY MC

1 Likelihood Definitions

The likelihood used in the fit is defined as the product of event probability
density functions (PDF’s).
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where 6(x) = 1 for x > 0 and 0 for = < 0, T is the event tag, +1 for events
tagged as unmixed and —1 for those tagged as mixed, @, p are vectors of
event observables and likelihood function parameters respectively.

The total PDF for an event is the sum of PDF's for each possible source
contributing to the data sample weighted by their fractions, f,, in the total
tagged sample (all events tagged as either unmixed or mixed):

PUIT; p) = D [P (70 ; D) (2)
a=src
As we will see below, the values of the event observables may depend on the
assumed source.
The total PDF is normalized to unity:
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Details of the implementation of this normalization condition can be found
in section 6.

Since there are several observables for each event, which may be corre-
lated, the PDF (P) is given above is the joint PDF of all the variables. The
Probability section of the PDG Review [1] describes how to relate this joint
PDF to the conditional PDF that is easy to implement mathematically. In
the following we will assume that the first element of the observables vector,
Z, corresponds to the “main” variable sensitive to mixing — e.g. the VPDL
or Lzy,. The joint PDF can then be written as:

’Pa(l'l,l’g, M) xn) = Pa($1 | T2, :En)Pa(:E2) o Pa(xn) (4)

where



o Py(x1,ma, -+, 2y) is the probability of jointly observing 1, xa,- -, zp
in an event for source a.
Normalized such that [dzidzs---dx, Po(x1, 22, -+, 25) =1

o Py(xy1|xe,- -+, xy,) is the probability of observing xy given xa,-- -,z
for source a.
Normalized such that [dxi Po(z1|z2, -, 2n) =1

e P,(z;) is the probability density of variable z; for source a.
Normalized such that [dx; Po(z;) =1

In the above we have assumed that the “nuisance” variables zo,-- -, xz, are
uncorrelated, howver, this can be avoided by continuing to construct condi-
tional PDFs for the variables that are left.

2 Fit Results Histograms

To check the quality of the fit, it is useful to compare the distributions of
data and the prediction of the fit vs. the main variable for samples tagged as
“unmixed” and “mixed”. This is a far more sensitive indicator of problems
with the fit than the result for Amsg.

To construct these histograms, the unmixed and mixed PDF's, at the
best-fit parameters, py, must be integrated over the secondary variables.

ptag(xl : ﬁ()) = /dedxn Ptag(i_»; ]3)
= Zfa /d(EQ‘--danZag(ml’x27...,xn;ﬁ0)
Xpa($2)"‘73a(l'n) (5)

Integrals are approximated by sums in the code.
The histogram, H!*9(x), is then

H'Y (21) = dz1 P (1 5 Po) (6)

bin
which can be approximated by the value at the bin center for small enough
bins.

3 Variables Used in the Fit

Various observable sets can be used in the fit. The two sets implemented so
far are the following.

3.1 Decay Length Based
Main Variable:
o L, the 2D distance from the primary to the secondary vertex.

Secondary Variables:



e P/ the measured (Dg + ¢) transverse momentum in the event.
e 07 the measured error on Lg,.

e T the mixing tag — +1=unmixed, -1=mixed
(note: in the code the convention O=unmixed, 1=mixed is often used)

D: the dilution

3.2 VPDL Based
Main Variable:

e X,: the VPDL (depends on the source assumed — see below)
Secondary Variables:

® 0,.,: the measured error on X,.

e T the mixing tag — +1=unmixed, -1=mixed
(note: in the code the convention 0=unmixed, 1=mixed is often used)

e D: the dilution

3.3 Defining the VPDL Correctly

A generic VPDL and its error can be defined for any event as:
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However, this does not take into account the different masses of B-mesons.
When used as a variable in the PDF for source a, the vpdl should be modified
to:

M(B.)
A M(B,)
_ M(B.)

Ora = Uzm (8)

unless a mass is not defined for this source (c¢, combinatoric background,
etc.) in which case the original VPDL variables are used.

4 Likelihood Implementation

The likelihood as implemented in the code consists of several components.
1. Convolution over the K-factor.

= 9

PA(B) )

Note: K=1 for c¢, combinatoric background, etc.



2. Convolution over the resolution function, R(xz! — 2™; ), assumed to

be a gaussian with width given by the event error, where %™ are the

true and measured values of the VPDL or L.
3. Convolution over the efficiency function, €, as a function of z™

4. The efficiency function normalization, A(p, K, xa, -+, x,), which de-
pends on the values of the fit parameters. It is defined by the condition:

Ag(p, K, o, - xp) = /dm ealT m) /da:tR(a;t —a™0y)
X [Fmm(gt, ) + P (et ) (10)
as discussed in section 6.
5. The physics function, F'%9(z! | 2o, -+, 2, ; D)

6. Histograms for the secondary variables representing their PDFs —H,(v)
~ Pa(v). These are normalized such that: >, ;.. Ha(v) = 1

Convolution integrals over the resolution and efficiency functions are cal-
culated analytically (see section 7 for details), while convolution over the
K-factor is approximated as a sum over the bins of the K-factor histogram.

4.1 Decay Length Based PDF
The joint PDF for each source using the decay length based variable set is
given by:

Pa (&3 ) = Pa (Lay | P01, T, D pYHa(P") Ha(D) (H(01) (1)
Note that:

e The tag PDF’s, H,(T) are included in the definition of the unmixed
and mixed physics functions as discussed in section 5.

e H(or), the distribution of decay length errors is assumed to be inde-
pendent of source. It thus factors out of the sum of the individual
source PDF's and does not affect the fit. It is only included when plots
are made of the predicted number of events vs. L;, based on the fit
results.

The conditional PDF is:

T m m _ €a(Lm)
Pa (LT | P o, T,D; p) = ;AK’H Kk)iAa(p,K,-“)
X / dL' R(L' — L™;01)
X Lt|KPt ,or,D; P (12)



4.2 VPDL Based PDF

The joint PDF for each source using the VPDL based variable set is given
by:
Pa (Zas 7) = Pa (Xa | 040, T, D YHa(00a) Ha(D) (13)

Note that:

e Hu(0za), the distribution of VPDL errors for source a, is required to
be included in the likelihood definition used in the fit since the width
of each source’s gaussian distribution will be different.

The conditional PDF is:

a( X"
PLXT 000, T,D; ) = 3 AKH,(Ky) ca(X3")

k Aa(ﬁ7 Ka)
X / dXt X 024)
x FL(X!| K, 040,D; ) (14)

4.3 PDFs for “Zero”-Lifetime Backgrounds

The PDFs for backgrounds arising from sources with true decay lengths
that are small compared to the resolution — c¢, combinatoric backgrounds,
etc. — are calculated differently than those for other sources. For these
backgrounds, a K-factor cannot be computed, because there is no true P;(B)
or M(B). Thus the following definitions are used:

K =1
Ly
Xee = M(BS)Pm
t
g
Oxcce = M(Bs)Piﬁl (15)
t

Convolution over the K-factor is not necessary and, because, the physics
function is approximately a delta-function, §(x! = 0), convolution over the
resolution function can also be avoided. (Note: even if this is not the case,
the physics function for the O-lifetime case can be constructed to include
effects of resolution.) With the 0-lifetime physics function re-defined to
include effects of resolution, the PDF for this source can be written as:
Decay Length Based

Pl | PP o0, T, D5 ) = —< L) pTpm om0y D gy (16)
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5 Physics Functions

The physics functions used in the code for various source classes are defined
below. All use proper time, ¢y, defined as:

cty = M(B@%K (decay length based)
t (18)
= XK (VPDL based)
The functions are also labeled by their tag, T"
T = +1 unmixed (unm) (19)
= -1 mixed (mix)

They are normalized such that:
/dxl [Fenm(zy | @g, -, an s P) + FUP(xy |29, an ;3 P)) =1 (20)

This implies that the individual tagged functions, F“"" and F™?* include
the tagging PDF instead of being normalized to unity as is usual with PDF's:

[ B =
/dxlF;W = 1—xa (21)

where y, is the intrinsic probability that this source appears in the mixed
sample (i.e. the time-integrated mixing probability for those sources that
mix). Expressing the physics functions in a more “standard” form would
then give:

FL = Ho(D)F, (22)

where the two functions fg are separately normalized to unity.

5.1 Mixing Sources

=

FaT = 3 exp(—to/7a) [1 + TD cos(Amytp)]
M, K

N = e PP (decay length)
K

N = — (VPDL) (23)
CTa

This gives the proper normalization for each tag separately. As an example
consider the mixed sample for VPDL based variables with D = 1.

/ dX Fmiz = L K/ dX exp(—KX)cos(MaKX>
0 2 c7q Jo CTq c
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5.2 Long-Lifetime (non-mixing) Sources

14+TD(1 — 2Pz
= NUETPOZ2Pnial) gy r,)
MK
N = T (decay length)
K
N = — (VPDL) (25)
CTq

where P, = P(T = mix) is the probability of the event to appear in
the mixed sample. In this case we usually have P(T" = unm) = 1 and
P(T = mix) = 0. Then, the probability that an event shows up in the
mixed sample is just the mis-tag probability: (1 — D)/2.

5.3 Zero-Lifetime (non-mixing) Sources

1+ TD(1—2P,,; L2

chc" _ [ + ( mzx)] exp(_2zg
oy,
2

decay length
o ) (decay length)

[14+TD(1 —2Pni.)]
- exp(—y
2y 2moy, 20%

Note also that the dilution cancels in these functions if P, = 0.5 as is
usually the case.

) (VPDL) (26)

6 Details of the Likelihood Normalization

As mentioned in section 1, the total event likelihood is normalized such that
its integral over all variables is unity. This requirement gives the efficiency
normalization factor.
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where, in the last step, we have integrated over 7" = +1,—1 and used the
fact that the physics functions implictly contain the tagging variable PDFs.

This equation is satisfied if the efficiency function normalization, A,, is
defined as in eqn 10.



7 Convolution Integrals

Integrals to define the efficiency function normalization and to do the convo-
lution over the resolution function are performed analytically to save time in
the fits. This results in less flexibility since these integrals must be recalcu-
lated by hand for each permutation of physics function, resolution function
and efficiency function. However, the savings in time is substantial — a factor
of ;10(7) for the efficiency normalization and another factor of up to 3 for
the resolution convolution.
In the following, all integrals are taken from [2].

7.1 Efficiency Normalization for Mixing and Long Lifetime
Sources

The efficiency normalization integral is:

+oo +o0o
AP, K,z ) = / dz™ sa(xm)/ de' R(z' — 2™ 0,)
—00 0
X [Egmm(at )+ F (et )] (28)
with the following assumptions about the function components

e Efficiency

e(x) =po {1 - exp(i) [Z 5pz'$i_2] } (29)
=2

e Resolution Function (single gaussian)

1 —(z—y)*
R(x —y;0) = 30
(z—yi0) = =5 oxp [ 52 (30)
e Physics Function (mixing or long lifetime)
. ay
et (y) + F7 (y) = Nexp | —— (31)
cT
The normalizations are:
VPDL Ly,
KM,
K
a P
KM
N £ . 2

Calculating the A requires evaluating integrals of the following form:

[T (gt -y = (28w e (3 ) ()

(G&R eqn 3.462) (33)



where I' is the Gamma function with I'(n + 1) = n! for n = integer, and
D, are the parabolic cylinder functions. These are defined for the first few
values of v as:

D_1(2) = 62/4\/g{1—erf(f)}
D_5(z) = 6Z2/4\/§{ ieZQ/z—z{l—erf(z)}}

(G&R eqn 9.254) (34)

[\

where erf, erfc are the error function and the complementary error function,
defined as:

erf(x \f/ e du
erfc(z) =1 — erf(x) (35)

Note that the minus sign in the (G&R eqn 9.254) for D_5 is an error.
Other values of D, can be derived from the recursion relation

Dyi1(2) — 2Dy(2) + pDyoi(2) = 0 (36)

The integral for eqn 28 is then:

A = po{ waZI/ dyyieXpl—O;giQ—ch;y_}}
_ po{l_fwzu} (37)

where:

N = Dphysics function normalization
1 n 1

w = —+—
202 py

o> = 20°+p

A0¢ot

h = 38
2cT (38)

The I terms are functions of the efficiency parameters:

Iy = p2+ 2%2
L = T;c? <p3 + Sﬁi)
Iy = (%2#)3 (39)



The J integrals are:

Jo = Ut;t Ve erfe(h)
Trot” | h?
J = ; 1 — /mhe erfc(h)}
ot
Jo = Ut;t —h+\f(1+2h2)eh26rf0(h)1
AT
Jy = "t;t (1+h2)—\fh(3+2h2)e’*erfc(h)] (40)

7.2 Efficiency Normalization for Zero-Lifetime Sources

Since there is no Resolution convolution for the zero-lifetime sources, the
efficiency normalization integral is simplified:

+o00 .
BBy = [ dem e E T ) F )
—00
where the total physics function is:
Funm 4 priie — ! exp 7—3:2 (42)
cc cc 27_[_0_2 20_2

Using the same form for the efficiency function as above, and the integrals

/+Oog:2”e_‘”2 P 1-3-5---(2n — 1)\/}
PO 2nagn a

+o0
/ g2rtle=as® gp = (43)
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the efficiency normalization is:

Acczpo{l—\/;w<p2+;z‘2>} (44)

7.3 Resolution Convolution for Mixing Sources

true

Resolution convolution is an integral over y = « of the physics function

times resolution function.

+00
heal@) = [ dyR@=yo)F(y] - p)

_ N /+oo d - (.’IJ — y)2
V22 Jo v 202

exp (—Zi{) {1 + T'D cos <Amacyﬂ (45)

It involves doing integrals of the form:

/04—00 e PP e cos(br) dr = 1\/>{ Z*z[l —erf(2*)] + ez2[1 - erf(z)]}

= \/>Re l—erf( )]}

(G&R eqn 3.897) (46)

X
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where .
_y+ib

T ap

and we have use the property of the error function of an imaginary argument:

(47)

erf(z*) = erf*(2) (48)

Note that complex arguments are not implemented for the cmath version
of erf. A set of c++ functions to do this was taken from [3].

The resoultion convolution integral for mixing sources using a single
gaussian resolution function is:

Los(z) = %exp [; <ag>2 B M] {erfc(g) + TDexp [_; (GUAm>2]

CT CT Cc

X TRe [eiMerfc(z)H (49)

where N, a are defined above and

_ 1<W_”C)
g = V2 \er o

EAm
M = 2Re(z) Im(z) (50)

z = g-+1

7.4 Resolution Convolution for Long-Lifetime Sources

For these sources, the resolution convolution integral is:

N e (z —y)*
Les(z) = \/W/O dy exp (—w

X exp (—ay) [1+TD(1 = 2Ppis)] (51)

CT

where P, is the probability that the true event (without mis-tagging)
appears in the mixed sample.
The integral is:

1 /ao ax

Is(@) = 51+ TD(1 ~ 2Pi)]exp [ (%) —] erfe(g) (52)

2 \er cT

with ¢ defined as above.
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