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The measurement of the B? BY mixing frequency Am, requires the
search for a periodic pattern in the time distribution of the data.
Using Fourier analysis the consequences of vertex and boost resolu-
tion, mistag and statistical fluctuations are treated analytically and
a general expression to estimate the significance of a B°B% mixing
analysis is derived. With the help of Fourier analysis the behaviour
of a classical maximum likelihood analysis in time space is stud-
ied, too. It can be shown that a naive maximum likelihood fit fails
in general to give correct confidence levels. This is especially im-
portant if limits are calculated. Alternative methods, based on the
likelihood, which give correct limits are discussed. A new method,
the amplitude fit, is introduced which combines the advantages of
a Fourier analysis with the power and simplicity of a maximum

likelihood fit.
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1 Introduction

BIBY mixing is by now a well established phenomena, the time dependence
has been measured by several experiments [1]. However the probably very fast
oscillations of the B? have not been seen to date, only lower limits on the
oscillation frequency exist [2-8|. It turns out that the usual way to analyse
the data by looking directly at the time distribution of the B° decays is very
limited. Effects of resolution and statistics can only be estimated very indi-
rectly, even the way how to establish correct limits is still under discussion [9].
On the other hand, the method of Fourier analysis offers several advantages
and the problems mentioned above can be handled easily [10].

In this paper it is shown how Fourier analysis can be used as a tool to un-
derstand the analysis of B°B° oscillations. In section 2 a short summary of
the phenomenology of B°B° is given. Then, in section 3, the basic formulas
of the Fourier transformation are explained. In the following sections Fourier
analysis is used to understand the effects of resolution (section 4) and of sta-
tistical fluctuations (section 5). This knowledge can be used to obtain general
formulas for the mixing analysis, which are given in section 6.

All analyses published to date are based on maximum likelihood fits of the
oscillation frequency in time space. As discussed in section 6.1 special atten-
tion is given to derive a method to calculate lower limits for the oscillation
frequency. Various options of the likelihood method are discussed in section
7, using Fourier analysis to understand their properties. It can be shown that
limits obtained from such fits are not necessarily correct, unless special pre-
cautions are made. A new method, the amplitude fit, which combines the
advantages of maximum likelihood fits and Fourier analysis is introduced in
section 8.

The paper finishes with a comparison of the different methods and the con-
clusion.

2 Phenomenology

The phenomenology of B°B° mixing has been discussed in many papers [11].
In short the probability to observe a B® if a B° was produced is:

Pty — %exp(—I‘t)[l—cos(wt)], (1)



and a B%:

P(t)srmi= — %exp(—I‘t)[l + cos(wt)], (2)

I' is the B? decay width, w the oscillation frequency, which equals the mass
difference Am.

The oscillation frequency of the B} has been measured to be w =~ 0.5 ps™'.
For the B? frequencies in the range of about 6 — 55 ps™' are expected in the

Standard Model [12].

Experimentally the B°/B° state has to be tagged at production and decay
time as a function of the decay time. The tagging can be done using leptons,
jet charge, reconstructed D,, fragmentation kaons, etc.. Usually samples of
‘like’ sign events, enriched with B® — B° transitions and ‘unlike’ sign events,
enriched with B® — B events, are obtained. The samples are not pure, be-
cause of mistag (wrong charge determination) and backgrounds. E.g., if f, is
the fraction of B? events in the sample, 7 the mistag probability, and assum-
ing the background to be due to other B which don’t mix, the following is
observed:

P”ke(t) = [f,%[(l —1)(1 — cos(wt)) + (1 + cos(wt))] + (1 — fs)ﬂ] Texp(—Tt),(3)

prntike() — [f%[(l —7)(1 + cos(wt)) + (1 — cos(wt))] + (1 — £,)(1 — n)] I exp(—Tt),(4)

The analysis function could be the difference of the ‘like’ and ‘unlike’ samples

puntike() — Plike(t) = [f,(1 — 29) cos(wt) + (1 — f.)(1 — 27)]T exp(—Tt).(5)

In reality other kinds of background with different decay constants have to be
added and the experimental resolution of the proper time ¢ has to be taken
into account.

3 Fourier Analysis

A very powerful mathematical method to analyse periodic signals is the Fourier
analysis: The Fourier transformation (FT) of a function f(t) is:

2

™

FTf)(v) = g(v) = —= [ f(t)exp(~ivt)dt. (6)
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The FT of the functions needed in the analysis of BB oscillations are:

f(t) REAL[g(v)]

cos(wt) V28w — |w])
I'exp(—TI't) ﬁ% (7)

I exp(—Tt) cos(wt) \/1— (1‘2+(Fw et I-\z_l_(l;_l_y)z)
1

Ao (caa) | Jree (7).

The real part of the Fourier transformation of a cosine shows a peak at the
oscillation frequency v = w.

For practical calculations the Fast Fourier Transformation algorithm (FFT) is
used, which can be applied to discrete (=binned) distributions f = f(tx), £ =
0, N —1, where N has to be a power of 2, over the time interval T, t; = kT /N:

N-1 :
FFT(fr); = S Z frexp (—27rijﬁk). (8)

g; is essentially given by g(v;) with v; = 27j/T, 7 =0,N — 1.

In many cases the FT or FFT can be calculated analytically. Important sys-
tematic effects can be studied easily, e.g. the effect of resolution or statistical
fluctuations. Therefore the analysis can be optimised without need for lengthy
MC studies. Errors and confidence levels can be calculated in a straightforward
way.

4 Resolution effects: convolution theorem

The effect of the lifetime resolution results in the convolution of the time
distribution P(t) with a resolution function g(t — ¢/, 0):

gt —t, o) = \/21_M exp (—(t 2_02/)2) , (9)

P(t) — (P2g)(t) = / P(t)g(t — t',0)dt'. (10)

— 00

In a first step the resolution is assumed to be constant with time, which is
the case for the decay-length resolution. Then the convolution theorem can



be applied which states that the FT of the convolution of two function equals
the product of the FT of these functions:

FT[(P @ g)(t)|(v) = V2r FT[P(t)|(v) x FT[g(t)](v). (11)

The Fourier transformation of a Gaussian is:

1 012 9
FTlg(t,a)](0) = ——exp (—T/). (12

Hence the amplitude of high frequencies is reduced by a damping factor.

The boost resolution o, adds a time-dependent term to the resolution function,
o=,/of+ o2t?. The calculation becomes more complicated, first the effect of
the boost resolution alone is considered:

gt —t,0,) = \/2—7101,# exp (— (;(;)::))2) ) (13)

then:
o i (vo,t)?

FT ( / P(t)g(t — t',ap)dt') — / P(t) exp (_Tp) emtdt. (14)

In the case where P(t) = cos(wt) the FT can be solved in a good approxima-
tion:

1 (v — w)?
FT N — —. 15
) OpV P ( 2(opv)? ) (15)

Due to the boost resolution the peak amplitude is reduced by 1/(o,w), the
width of the peak increases like o,w. In case of an exponentially damped
cosine: P(t) = I'exp(—TI't) cos(wt), (15) has to be convoluted with the Breit-

Wigner \/§F2/(I‘2 + v?). If o,w < T essentially the Breit-Wigner is obtained,
for opw > T the resolution becomes important and the result approaches (15).
The peak amplitude is reduced by a factor:

r(w,0,) ~ /7Y exp(Y?)ERFC(Y), (16)

with Y = L%, ERFC(z)

T [ et dt.

—
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Putting together the boost and decay length resolution, the damping factor
(12) applies in addition to the terms of the boost resolution giving a global
damping factor:

0.2

D(w,01,0,) = exp (_7%&) r(w, 0,). (17)

A comparison of the numerically calculated FFT and the analytical calculation
is shown in Figure 1.

5 Statistical fluctuations

Statistical fluctuations of the sample generate noise in the Fourier transforma-
tion. The measurement is successful only if an observed signal is significantly
larger than the noise. In order to calculate the noise, the rms of the Fourier
transformation is needed, given by the power spectrum. It can easily be cal-
culated using the Wiener-Kinchin theorem. The detailed calculations can be
found in the Appendix 12.2. Here the results are summarised:

For a discrete Fourier transformation like in (8): g; = FFT(f;);, where the
f; have statistical fluctuations due to the finite number of events in bin 7, n;,
o(f;) = V/n;, the real part of the Fourier transformation has a sigma of

o REAL()] = /5, (18)

where N is the number of bins and n = Y, n; the total number of events in
the sample. This noise is equal for all bins j. In general:

— Given a distribution of any shape the noise spectrum due to statistical
fluctuations is flat (= white noise) and the rms amplitude of the real part

i/
of the FT is NI

— The signal is proportional to %. Hence the signal/noise ratio behaves like
ﬁ and does not depend on the binning (in the following the normalisation

constant 1/N will be dropped).

— The noise fluctuations in the frequency spectrum are correlated. If the basic
time spectrum has a time constant 7 = 1/T' the correlation has a Breit-
Wigner shape %

Figure 2 shows the FT of a typical oscillation signal. The Wiener-Kinchin

theorem describes exactly the distribution of the noise in the FT.



6 Significance of an experiment

The expected FT of a mixing signal as given in (5) can be written as (real
part):

—~ nfs(]- - 27]) F2 ]_‘\2
FT(v)~ 2 (I‘2—|—(1/—<.u)2 + I‘z—l—(z/—l—w)z)

+n(l—f)(1—2n) (19)
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It can be assumed that the shape of the last term (from the non-mixing B)
can be subtracted in the final analysis. This ignores non-b background which
is assumed to be already subtracted. The second term of the Breit-Wigner
can also be neglected if w > T'. In addition the damping due to the resolution
must be taken into account. Altogether a peak in the FT at v; = w is observed
with the size

nfs(1 — 27)

FT(w) = fD(w’aha’P% (20)

where D(w,07,0,) denotes the damping due to the resolution, as defined in
formula (17). For a real experiment with a finite data sample, (20) describes
the expected peak size of a signal. On top of that the fluctuations due to the
white noise have to be added. For them all events, including the background,
count, while resolution and mistag do not matter. The rms of the FT is,
independent of the frequency:

o(FT) = /= (21)

Therefore the expected signal to noise ratio is:

SIN =\ £(1 = 2m)D(w,01,,). (22)

This formula can be used to calculate the typical sensitivity of an experiment.
Some examples are shown in Figure 3 using experimental parameters of Ta-
ble 1. The example a) shows the (quite unrealistic) case of a single Gaussian
vertex resolution with negligible boost resolution. For simplicity these param-
eters are used as reference in the Monte Carlo studies of this paper. A more
realistic resolution is used in example b) including tails and boost resolution.
These parameters correspond to a dilepton analysis like [2]. The example c)
corresponds to an exclusive analysis with reconstructed D,-lepton events and



a jet-charge tag [4]. Despite the low statistics and the slightly inferior mistag
such an analysis is still competitive because of the high purity, and, due to
the better resolution, becomes superior at high frequencies.

In conclusion, using Fourier analysis the analysis of B? oscillations resembles
the search for a resonance. Instead of searching for a peak in a mass spectrum,
a peak in the frequency spectrum is searched for. The noise corresponds to
fluctuations of the background. In this picture it becomes clear that the phys-
ical observable is not Am,, but the Fourier amplitude at a certain frequency
Am,, like in a resonance search, where the observable is the number of events
in a certain mass range.

6.1 Obtaining limats

In a real experiment one might observe a significant signal, where the signifi-
cance can be estimated by comparing the observed peak size with the typical
noise given by (21). It should be mentioned that the whole frequency spec-
trum has to be taken into account. The fluctuations per frequency interval
2T" are independent, therefore the probability to observe a certain fluctuation
increases with the size of the frequency range !

If no signal is observed a limit can be given by comparing the expected signal
size given by (20) with the FT of the data, taking into account the fluctuations
and as well the systematic uncertainties of the expectation.

The FT of an experiment corresponding to a true oscillation frequency w gives
data points d(v;):

d(v;) ~ 0, (23)

d(v;) = a(w), (24)

at v = w. There a(w) = a(w, fs,7,0,..) = FT(w) describes the expected
peak amplitude. As shown in equation (20) it depends on B, fraction, mistag,
resolution etc. In particular, because of the resolution damping, a(oc) = 0.
The statistical fluctuations of the FT are Gaussian with zero mean and a
frequency independent rms given by (21):

oy = \/g (25)



Systematic errors give an uncertainty on a. For example in the case of f,:

where the last term of the equation is derived from (20). While the statistical
error on the Fourier amplitude is constant, the systematic error vanishes at
large frequencies.

To assess the significance of a B, mixing signal the probability that the ex-
pected signal a(y;) fluctuates to the observed data point d(v;) has to be known.

The error on the difference a(v;) — d(v;) is /o2 + o2. A signal at the oscilla-
tion frequency v; can be excluded at 95% C.L. if this difference is larger than
1.645 x /o2 + o2. Actually the d(v;) spectrum gives a probability for each
frequency to show oscillations or not. The highest frequency v; where a(v;)
can still be excluded can be regarded as the lower limit of the experiment *.
Therefore the lower limit v; on the oscillation frequency is obtained by the
smallest v; which satisfies:

a(v)) = d(v) + 1.645 /ol + o2 (26)

If B, do not mix, the measured amplitude averaged over a large number of

experiments is d(v;) = 0. So the average limit (or sensitivity) of a particular
analysis is at a frequency such that:

a(v)) = 1.645 /ol + o2 (27)

Of course the limit can be a bit worse, if the d(v;) fluctuate to positive values,
or better (‘lucky’), if they fluctuate to negative values. The latter case poses
a problem. It might happen that a limit is set in a low sensitivity region:
if d(v) is very negative, this v value can be excluded although a(v) is close
to 0. In practise one can apply a method like in [14] to obtain reasonable
limits in this case. Anyway, large deviations which are not compatible with
the noise fluctuations indicate either a signal, or - especially if they are negative
- systematic problems, e.g. due to an incorrect background subtraction. There
is also the possibility that disconnected regions exist at frequencies above y;
which are excluded as well.

* Here the meaning of 95% C.L. is that each value below the limit is excluded at, at
least, 95% C.L. This means that at most 5% of the experiments with any frequency
below the limit would give an amplitude for this frequency less than the measured
value.



7 Maximum likelihood methods
7.1 Description

So far only maximum likelihood fits have been used to search for B°B° os-
cillations. In a likelihood analysis the rates Nihke’fnhke of like and unlike sign
events in time bins 7 have to be compared to Pihke’unhke(z/), the time distri-

bution probabilities expected for a mixing of given frequency v (3, 4). The
log-likelihood of the observed distributions is defined, for any frequency v, as:

—Tn[L(v)] = 30 N In[Pl(v)] + Y Netke [ PEmie()]. (28)

This log-likelihood cannot be absolutely normalised. To make quantitative
arguments on its values, they have to be compared to a given reference value.
Log-likelihood differences are computed. Two methods have been used. In the
first one, the log-likelihood is referenced to its value for an infinite oscillation
frequency:

AL®(v) = —In[L(v)] + In[L(o0)]. (29)

The other possibility is to calculate the difference with the log-likelihood value
at the frequency vy,i, which minimises —In(L):

ALM™(v) = —In[L(¥)] 4 In[L(Vpmin)]- (30)

In the following subsections these two solutions will be compared with respect
to there ability to give limits.

7.2 Likelihood referenced to infinity

Like in reference [2], the log-likelihood is referenced to its value for an infinite
oscillation frequency:

AL®(v) = —In[L(v)] + In[L(o0)]. (31)

According to the central limit theorem of likelihood theory, for large sample
of events, the log-likelihood difference between two hypotheses (with mixing
of frequency v and without mixing, v = oo) is x? distributed:

1

AL®(v) = §X2- (32)



The statistical fluctuations of AL are therefore Gaussian. The value ALZ, (v),
obtained for a given sample, can be compared to the average value, AL3;,.(v),
expected for a real mixing at frequency v. It can also be compared to the aver-
age value, ALY,,...(v), expected for no mixing. If o(AL>*(v)) is the variance
of AL™, any given value of v can be excluded if the data value satisfies:

AL, () > ALy (v) + 1.645 - o(ALZ(1)). (33)

The global features of such log-likelihood functions can be understood in terms
of Fourier analysis. Since a correct treatment would result in rather compli-
cated formulas, following approximations are used, which keep the calculations
simple without changing the conclusions:

— The log-likelihood is calculated for a binned distribution using the difference
§; = Nprlike _ Nlike of like and unlike sign rates in bin 7 (at time ¢;). This
has to be compared to the expected distribution §? = n - (Pyniike — plike) (n
is the total event rate). In this case the log-likelihood equals an x2-function:
—In(L) = %Xz- This approximation is valid for large event samples.

— The FT of the time dependence of the signal function §**¢ is approximated
by an exact Breit-Wigner with a global damping factor F'(v) instead of a
distorted Breit-Wigner:

: C I?
FT(8§%9 / ~ —F -
( )(V ) 9 (V) T2 + (y’ _ 1/)2
which implies
8%(v) = 6%(v) 4+ b; = C F(v)exp(—Tt;) cos(vt;) + b;, (34)

where b; stands for all background terms which do not show oscillatory be-
haviour and where F(v) = f, - (1 — 29) - D(v,01,0,), absorbs all damping
terms due to mistag and resolution (D(v,0,0,), (17)) and C is a normalisa-
tion constant. This approximation holds if the vertex resolution dominates
over the boost resolution.

— Signal and background follow the same exponential behaviour. Their ratio
is constant as a function of time. Otherwise weights in the FT would be
needed for exact calculations. This technical difficulty has prevented until
now the FT method to be effectively used to give mixing results.

Using the data distribution é; the likelihood difference with infinity can be
formulated:

sm-rh (R el ()

7 7 7
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Using & of equation (34) and the fact that at high frequency the oscillations
are washed out due to the resolution and F(oco) = 0, this gives:

Aﬁszta(y) — Z (6; — bi)OF(y()TZC(O;Q()Vti) exp(—Tt;)
1[CF(v)cos(vt;) exp(—Tt;)]?
R 7(#9) -

7

a?(8?) is given by the total number of events in each bin C'f, exp(—T¢;)+b(t) =
C exp(—T't;), assuming that the background follows the same exponential be-
haviour as the signal:

AL, (V) ~ —F(v) Z (6; — b;) cos(vt;)| + ENCF(V)Z. (36)

2

The term in square brackets can be interpreted as Fourier transformation of
the data minus the expected background.

The same expression can be derived directly from the Fourier transformation.
Using the notation given in (23) - (25) T:

mmawzzéﬁﬁtfﬁ@r—zlVW*””WF.<w>

g4

a”(v;) is the expected Fourier amplitude at v; if the real frequency is v:

a’(r;) =0 |y —v|>2T (38)

=a(v) v; = v,

a(v) = FT[8o — b(t)](v) is identical with (20). Because a™(v;) = 0, only the

terms with v; = v remain and the results is:

d 1 2
(a) | 1a(v)

2 2
o5 2 o;

ALgaa(v) = - ; (39)

t This form is strictly valid only if the correlations between different frequency bins
can be ignored. This is the case if the bin width is larger than 2T'. Otherwise the
correlations have to be taken into account and the expression becomes:

ALZa(v) = [d(vi)—a” ()T (Vig) " [d(vs) —a” (v7)] = [d(w:) —a™ ()T (Vi) " [(d(v;) —a™ (v5)],

where Vj; is the covariance matrix given by V;; = 03C;; as defined in (76). In the
approximations used here, it turns out that the off-peak and off-diagonal elements
cancel exactly, resulting also in expression (39).

11



which is identical with (36). This allows to calculate the expected value of
AL>, averaged over a large number of experiments. If there is a signal at

frequency w, d(w) = a(w) and:

L) = —a"()/o%, (40)

otherwise, if no mixing exists, d(v) = 0 and:
YN 1, 2
Aﬁ?\cf)omim(y) = —|—§(L (V)/O'd (41)

Of course the likelihood reflects the noise, it has fluctuations with a variance:

o(AL(w)) = 2. (42)

a4

Two interesting equations are therefore satisfied by log-likelihood with refer-
ence to infinity averages:

Aﬁ?\;zm(w) = _AE?Voomim(w)7 (43)

o(ALZ(V)) = V2 Alypmu(®). (44)

An example of such a likelihood is shown in Fig (4). If the systematic errors
o, are included, the variance becomes:

o(AL=(w)) = ) Jort g2, (45)

2
T4

Using the above expressions of the log-likelihood in terms of Fourier ampli-
tudes, the limit condition given in (33) can be converted to

—d(v) + a(v) = 1.6454/ 03 + o2, (46)

like in (26). Therefore the limits obtained with this method are identical with
the Fourier limits.

Analytical formulae for computing the expected likelihood distributions (av-
erage and rms) from the time distributions are given in the Appendix (12.1).

12



7.8  Likelihood referenced to the minimum

This is the classical use of log-likelihood [13]. In this method, the frequency
Umin, Which minimises —In(L) is searched for. The log-likelihood difference

ALY () = ~In[L(v)] + I [L(vmn)], (47)

will be referred as likelihood referenced to the minimum. In principle the fre-
qUENCY Vpin is the estimator of the true oscillation frequency and all frequen-
cies v such that AEMin(z/) > AL, can be excluded at a certain confidence
level. Theoretical values for AL,,; are 1.92 for a double sided 95% C.L. (ex-
cluding values below and above a certain region around v,;,) and 1.34 for a
single sided 95% C.L. (only a lower limit is given, values above v,,;, are not
constrained). This method is used in [5] . However, here this simple rule
cannot be applied. If the real oscillation frequency is beyond the sensitivity of
the experiment (e.g. wipye = 00) very likely a minimum at some intermediate
frequency will be found which can be estimated as follows: The contour of the
—1o range of the average likelihood is given by (see also Figure 4):

— (L) == - —. (48)

This contour has a minimum at a value vy, such that a(vmin) = 4. In the
absence of a significant signal it is therefore very likely that the minimum is
found in the region where a(v) /s o4. This is not surprising. In this region the
statistical fluctuations due to the noise o; have about the same size as the
expected signal a(v). Hence the frequency v, is not a good and unbiased
estimator of the true frequency, and the simple rules for AL.,; are not justified

(this is discussed in [13]).

The problem can be bypassed by calibrating the likelihood difference us-
ing Monte Carlo [2]: A large number of Monte-Carlo experiments with a
true frequency w are generated. For each MC experiment v,,;, is determined
and A,Cmin(w) is calculated. A value AL.,; can be determined such that
Aﬁmin(w) < AL.: in 95% of the samples. This will result in a condition
for double sided limits. In order to obtain AL,.,; for single sided lower limits
the condition w < v,,;, is imposed. The result of this calibration is given for a
particular choice of parameters in Fig. 6, both for the double sided definition
as described above and for the single sided definition. To date only the double

! In this paper the 95% C.L. limit is defined by a difference of 1.92. This is not
strictly correct, as the limit has to be understood as a lower limit, so actually it

exceeds 95% C.L.

13



sided definition has been used, so only this will be discussed further. The log-
likelihood cut value turns out to be always larger than the theoretical 1.92 and
depends on w: Only in the low frequency range, where a significant minimum
is observed, the 95% likelihood difference is consistent with 1.92. At higher
frequencies, where signal and noise becomes comparable, this value increases
considerably. For the various Aleph analyses [2-4,8], where this calibration
has been performed, values ranging from 1.9 to 3.5 and large variations with
w are observed. Although this method gives statistically correct limits (in the
sense that it fails in less then 5%), it has some disadvantages:

— A lower limit set by the double-sided definition corresponds actually to a
confidence level of 97.5%. The sensitivity of the experiment is therefore
decreased. In Figure 5 the limits obtained by the two likelihood methods in
a large number of Monte-Carlo experiments are shown. Plotted are average
limits obtained at each true frequency, and the value such that 95% of the
limits are below this value (If the limits are statistically correct this value
must always be lower than the true frequency !). For large frequencies the
limits obtained by the likelihood referenced to the minimum method are
lower than the limits obtained by the likelihood referenced to infinity.

— It needs complicated and CPU intensive studies to calibrate the likelihood.

— When several analyses are combined by adding the individual log-likelihoods
a calibration of this summed log-likelihood is necessary. However, it appears
impossible to perform this calibration as it would require adding Monte
Carlo generations from all these analyses (especially if they come from dif-
ferent experiments). This fatal obstacle does not hold for the first method
(reference to infinity), because only little information (average and rms) has
to be given to characterise completely the expected log-likelihood distribu-
tion of each analysis.

Because of these problems the likelihood referenced to the minimum is not
recommended to be used in an analysis where a lower limit is derived.

8 Amplitude fit

A variation of the likelihood method is to fit for the amplitude A of the
oscillation, as function of v, first used in [8].

Using the notations and approximations of (34), the data distribution, binned
in time, is 6;. The values for each bin have statistical fluctuations given by a

rms of o; = \/n; = /C exp(—TI';). The average data function expected for full

mixing with frequency w is:

14



& ~ Cfs(1 —2n)D(w, 01, 0,) exp(—TI't;) cos(wt;) + b;
= C F(w)exp(—Tt;)cos(wt;) + b;,

C is a normalisation constant, F(v) absorbs the damping terms due to sample
purity, mistag, and resolution as given in 34). The amplitude fit function is

§°(A,v); = C F(w)A(v)exp(—Tt;)cos(wt;) + b; (49)

If the amplitude parameter A is one, the nominal oscillation is observed, else
it should be 0. The likelihood for an amplitude parameter A at frequency v
is:

—In[L(A4,v)] = 23[50(‘4’”); — 61']2, (50)

B a;

This likelihood is minimised with respect to A. Because F(v), which enters in
8(A,v);, does not depend on ¢;, one obtains:

0= 2[50(14,1/)1' — 6;] cos(vt;). (51)

2

This is the real part of a Fourier transformation:

FT[6°(t))(v) — FT[§(t)](v) =0, (52)

which results in:

A(v) = . (53)

A(v) has the same Breit-Wigner shape as in the Fourier analysis. If |[v — w| >
2T, A is about 0. If v = w, A = 1. Since FT(6) has a noise of y/n/2, the

statistical error on A is:

(54)

Because A is essentially a normalised Fourier amplitude, (37) can be used to
calculate the behaviour of an amplitude fit:

{4, )] = Z% ld(yi) - Aau(,,i)r - Z% [d(yi) - Aa‘”(z/i)r (55)

a4 a4

7 7
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with the definitions of a”(y;), etc., like above. Again:

—In[L(A,v)] = —AM—I- 1142M. (56)

Minimising — In[L(A)] results in:

o(A) = —. (58)

Of course the systematic errors have to be added. This can be done in the
classical way, varying the respective input parameters. The correct treatment
of systematic errors in the A fit is discussed in the Appendix (86).

In order to obtain a limit, one can simply exclude all values of v where A =1
can be ruled out at the desired confidence level. This can be calculated using
the error on A from the fit. The limit condition is:

A(v

N—

+ 1.645 - o[A(v)] = 1, (59)

*u
—_
SN—

v a4
1.645—— =1 60

Q
~—~

which is again identical with (26). Again the smallest v which satisfies this
condition gives the lower limit. As one obtains a series of measurements of A4,
different experiments can easily be combined by averaging the respective A
values taking into account the errors.

This can be demonstrated by making a joint fit of two independent experi-
ments. Two measurements (labelled m = 1, 2) with individual likelihoods:

d(V)ma(V)m | 1 5 a(v);
—In[L(A,V)]lm = —Anm —A =, 1
alL(Ap, ) milhe L 2 (61)
with individual solutions A(v),, = dv)m , 0(A)m = 7%, The same average

V)m
amplitude is obtained by the joint ﬁt of the two hkehhoods and the weighted
average of the two solutions:

o(A) = (o(An~2 +o(A) ) 7,



A _ ( A(I/)1 . + A(l/)z 2) ) G'(A)2.
(e(A)s)”  (e(A)2)
The results for A(v) can be treated like independent measurements of the same
physical quantity and therefore can be combined. Of course common system-
atic errors have to be treated properly, this requires an individual breakdown
of the systematic errors of the individual measurements.

9 Comparison of the methods

A general comparison of the oscillation analysis methods (Fourier transfor-
mation, likelihood referenced to infinity, and the amplitude fit) has been per-
formed using a simple Monte Carlo. The Monte Carlo parameters are shown
in Table 1a) (with perfect boost resolution). In Figures 7 and 8 two examples
are shown. In figure 7 the generated frequency is Am, = 5.5 ps~!, the signal
is clearly visible in all analysis. In figure 8 the generated frequency was set
to infinity. Here the lower limits obtained by the three methods agree. It was
verified with high statistics that the three methods give identical results, and
that the 95% C.L. limits are correct, that is that the generated frequency is
lower than the limit in less than 5% of the experiments. This is of course
expected from the calculations presented in the sections above. The formulae
relating the different methods are summarised in the table 2 and 3.

10 Conclusions

Fourier analysis is a powerful tool to analyse data for B®B? oscillations. It
offers the possibility to calculate the effects of the experimental resolution
and statistical fluctuations. This allows a prediction of the expected signal
and the statistical noise. Hence the significance of a possible signal or the
confidence level of the absence of such a signal can be calculated correctly.
Since it is a linear transformation of the data, systematic errors on input
parameters propagate in a straightforward manner and systematic effects can
be controlled easily.

Furthermore, using Fourier analysis, the properties of alternative analysis
methods, like likelihood fits, can be studied. It can be shown that a simi-
lar way to do the analysis is the amplitude fit: for each oscillation frequency
an hypothetical amplitude is fitted. This method has the same properties as a
Fourier analysis, however, it has the advantage that a ‘classical’ likelihood fit
can be used. On the other hand, a maximum likelihood fit with the frequency
as free parameter will generally not result in correct limits.
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It could be shown that Fourier analysis, likelihood referenced to infinity and
amplitude fit are mathematically equivalent methods. To derive this corre-
spondence some approximations were used, this was mainly done to keep the
calculations simple, the main features are conserved in the exact formalism.
All properties given in this paper have been verified by extensive Monte Carlo
studies. Amongst them:

The damping of the oscillations due to vertex and boost resolution given in
(17).

The noise theorems derived in section 5.

The features of the likelihood referenced to infinity (43), (44).

The correspondence between the amplitude fit and the likelihood referenced
to infinity (table 3).

It should be stressed that the Fourier transformation of the background sub-
tracted data plotted together with the expected peak size, or equivalent a plot
of the A values, contains several important informations:

The correctness of the background subtraction: the Fourier spectrum should
be flat (within the fluctuations allowed by statistics).

The typical sensitivity given by the frequency where the expectation (or
A =1) intersects the 1.6450 band around 0.

The actual limit, where the expectation (or A = 1) intersects the 1.645¢
band around the data

The ‘luck’ of the experiment, given by the deviation of the data from 0 at
the limit.

Furthermore the A-fit offers a possibility to combine the results of independent
analyses by simply averaging the different A-spectra taking into account the
errors. In the case of likelihood methods, a similar combination is only possible
when using reference to infinity. In this case individual likelihood functions
must be added . The log-likelihood distributions expected for each analysis,
simply characterised by average and rms, can be easily combined and used
to derive a limit. Such a combination is not feasible when using likelihood
differences from minimum. This would need a calibration of the total likelihood
which appears to be not feasible.
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12 Appendix
12.1 Analytic formulae for computing the expected likelihood distribution

The log-likelihood difference, referenced to infinity, is given for any mixing
frequency v = Am,, by

AL>(v Z n;1In lp(io)l ,

00, al)

where mn; is the measured rate in time bin ¢z and P; is the expected time
distribution probability (given in section 7). The summation is made for the
like and unlike sign distributions, the indexes are omitted for simplicity. a®
denotes the set of parameters (fractions f, mistag 7, and other parameters)
on which the charge correlation depends.

A Monte Carlo generating data according to P; has been used to verify that
the distribution of AL is Gaussian, as expected from first principles (see
section 7.2). Therefore the log-likelihood difference distribution is completely
determined by its average and its sigma.

This average and sigma originating from statistical fluctuations and systematic
uncertainties can be calculated analytically:

For samples generated with a mixing frequency v, the average log-likelihood
difference is given by:

ALiiu() = —n T Rl [ 2],

i=1 Pi(oo7a0)

where n; has been replaced by its average n - P; to obtain the expected average
time distribution. Similarly, for samples generated with v = oo, the average
log-likelihood difference is given by:

AﬁNomzm( ) = —’I’LZPi(OO,OéO)ln

=1

and the statistical rms of AL™(v) by:

oot A L(w :J”ZP” l%l
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The following relations for the average log-likelihood difference and the sta-
tistical rms can be demonstrated:

Aﬁ?\;zm(y) = _AE(J)Voomim(V)'

stat[AEOO \/2 A/:'Nomw( )

The systematic rms of AL>(v) originates from the fact that the best estimate
of the parameters a® which is used, may not correspond to the true value of
the data. For instance the true value of each parameter, say a;, may differ
from the estimated value af, by a systematic spread, assumed Gaussian of
rms 0,,. The systematic rms of AL>*(v) which results from this parameter
uncertainty is:

ol [AL (V)] = noa, Y 8Pig;°‘ Jn lzf((ol;o;"))l '

=1

The total systematic error is given by adding quadratically the effects of all
parameters o;:

syst AEOO \/Z 893’5 AEOO )]

The total error is:

tot __ [ 2 2
g - Ostat —I_ o-syst)

the AL> distribution being Gaussian, the 95 % confidence level is obtained
as:

ALE = AL, (V) + 1.645 x o™ ALZ(v)).

It has been verified extensively that these analytical computations give the
same results as the Monte Carlo. They allow a much faster study of the er-
rors, more v points, and the separation of the systematic contributions of all
parameters.
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12.2  Calculation of the noise in the Fourier transformation

12.2.1 Wiener-Kinchin theorem

As mentioned in section 5 the determination of the noise in the Fourier trans-
formation needs the calculation of the power spectrum. The power spectrum
can be obtained easily applying the Wiener-Kinchin theorem. According to the
Wiener-Kinchin theorem the rms power spectrum of a function is identical to
the Fourier transformation of its average autocorrelation function A:

PW, = FT(F = ~ Y. AlPexp (—zm%’“), (62)

The autocorrelation function A(f)x is:

1N1

A(fn = Z fifisn- (63)

The mean autocorrelation function of a binned distribution f; can be calcu-
lated: The value fi in each bin has the mean f{ and the error o, with a
Gaussian probability distribution:

pUfff) = —5—exp (JM) . (64)

The fluctuations in the time bins are uncorrelated. The mean autocorrelation
is:

1 N-1 +o00 400
A(Prpro =57 22 l/ / £ 03 1) Fivn p(Fter F)) df; dfj+k]
1 N-1
=5 X [#£2] = 5. (95)

where S is defined by the respective summation. For £ = 0 the expression is
slightly different, as the same bin has to be averaged:

400
[/ 12055, 9 de]

Tlrea]-sry X (®

=

2|'—‘
L !;M

A(f i=

ZIH

<.
Il
o
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For all k£ the expression is:

_ 1 N-1
A(f)e = Sk + 50kﬁ z;) a3, (67)
J:

(6o = 1 for £k =0, 0 otherwise). The FT of the power spectrum is:

FTIA(); = FT(S); + 5 z__jl o2, (68)

This is the total power spectrum of the signal plus the noise contribution.
Since FT(S); = |[FT(f);]?, the noise contribution alone is:

) 1 N-1
(rmsioee)? = Nz Y ol (69)
7=0

If the error in each bin is given by o; = ,/m;, the population in each bin, the
sum becomes > 0'J2~ = n, the total number of events:

noise __

rmsJ =

=S

(70)

The noise spectrum is flat, the noise is the same at all frequencies. In general,
uncorrelated fluctuations in the time spectrum give rise to white noise in the
frequency spectrum. This rms noise applies to the absolute value of the FT.
For our purpose only the noise of the real part is of interest. The noise of the
real and imaginary part is (mostly) uncorrelated and related by

1 /m
Oreal = Timag = ﬁ 5

The exact calculation, obtained using error propagation gives for the rms of
the real part of a Fourier transformation of a binned distribution:

o[REAL(FT(v))] = %\/ g + %REAL[FT(ni, 2w)], (71)

REAL(FT(n;,2v)) is the real part of the Fourier transformation of the event
distribution at double the frequency. If the events follow an exponential time
dependence n(t) = nlexp(—I't), the second term equals n% and be-

comes negligible for v > T'. Hence for reasonable large frequencies the \/g law

holds.
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For completeness it should be mentioned that this has to be modified if event
likelihood fits are used. This can be demonstrated by introducing the event
Fourier transform g(g;,v) = = Y7, g; cos(vt;) of a sample of n events, ¢; = £1
whether the event is like or unlike sign. In this case the noise becomes:

D= ot ol 2~ Sata o, (2

while the signal follows:

g[T cos(wt) exp(—TI't)] = ) (I‘2 n (I:_ e + T2 1 (I:_I_ y)2) . (73)

Again there is a contribution due to the event distribution, which becomes
negligible for » > I'. However there is an additional noise reduction close to
the signal frequency w. This is due to the fact that in an event-likelihood the
total number of events is fixed and has no error. Using the usual definitions
(20), (17) for the damping due to purity, mistag and resolution:

e = fo(1 —20)D(w, 01, 05),

the signal/noise at the signal frequency w becomes:

S/N:e\/g( 1—;)_1.

Since € is small in most of the analyses, the signal/noise is again S/N = e\/g.
Only for high purity, low mistag analyses with a very good resolution, € can

approach one, and the correction needs to be applied.

12.2.2 Correlations of the noise

In general the noise fluctuations in adjacent frequency bins of the FT are
correlated; this correlation can also be calculated using the Wiener-Kinchin
theorem. What is needed is the mean autocorrelation function of the deviations
from the mean Fourier spectrum Agy = gx — g8 = FT(f)r — FT(f%):

N-1 -
A(Bgh = 1 3 AgiAgis = FT([FT(Ag)P) = FT-(IF ~ FT)(74)

=0

Since o(f;) = Vi, |fi = fP1? = o(£:)” = f?:
A(Ag)k = FT_l(fO)k. (75)
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Hence, if the basic time distribution is an exponential with a decay time
7 = 1/T', the mean autocorrelation of the FT is a Breit-Wigner % The
noise spectrum is then a series of Breit-Wigner bumps. As a consequence the
noise fluctuations in two frequency bins »; and v; are uncorrelated only for
lv; — v;| > 2T. The correlation coefficient is given by °:

1'\2
Cij & 2 )2
I'? + (v; — vy)

(76)

12.3 Systematic errors in the amplitude fit

In the formulas for the likelihood background contributions have been ne-
glected up to now. In general the oscillation signal sits on top of background,
from other physics sources but also from the exponential component of the B?
signal. For a correct treatment of systematic errors this has to be taken into

account. Therefore (23) - (25) has to be modified:

m = do(v;) lw — ;| > 2T
=a(w)+do(vi) w = v (77)
old(v;)] = o4 all 1,

where do(v) stands for all background terms. The systematic error due to a
parameter p with error o(p) may affect signal and background:

ool = 28 o(p),  oldatln = 2o 19

Both errors are of course fully correlated. The expression for a limit is now:

“W_WW_%@H>M%$ﬁ+K%gxﬁﬁgua@r'U%

§ Again this is an approximation for » > T', the exact formula is

r2 r2
+
T2 (vim wP FLH%+%V

\/1 + 1“2+(2w)2 \/1 + F2+(2” »

Cij =
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This can be converted into a condition for the A-fit using:

d(v) — do(v)

A= 70)

alA(v)] = — (80)

and therefore:

1—A(y)>1.645Ja[A(y)]2+l( L dalv) 1 ad"(”)) a(p)r,(Sl)

a(v) dp  a(v) Op

which can be formulated like:

1 — A(v) > 1.645,/a[A(v)]? + o[A(v)]2 (82)

sys?

with the definition:

T[A(V)] s = (— a(ly) ‘Ma";”) - a(ly) ag(:)) o(p). (83)

However, if the parameter p varies in the fit, A changes by:

(. 1 8d0(1/)_A(1/)8a(1/) -
AA(V)_ ( a(y) ap a(y) 6]7 ) (P), (84)

which is not identical with the definition of o(A),ys (83)! In general the sta-
tistical error of A changes also with p:

= —c|A(v Laa(l/)a
Aolaw)] = o) =72 (o), (85)
which can be used to obtain:
ST A(y _ , B Ac(A)
[A( )]893 AA( ) —I_ (1 A)J[A(l/)] (86)

With this expression the limits obtained form the A fit are identical with
those from the Fourier analysis. Formula (86) takes into account, that varying
a parameter p changes both A and the error on A.
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parameter || value (a) value (b) value (c)
n 10000 10000 200
fs 0.12 0.12 0.65
n 0.18 0.18 0.25
oy 0.15 ps | 0.15 ps (50%), 0.45 ps (50%) | 0.12 ps (80%), 0.45 ps (20%)
o 0 0.1 (65%), 0.25 (35%) 0.08 (80%), 0.25 (20%)
Table 1

Parameters of typical B? oscillation experiments at LEP. The number of events
corresponds to a sample of 3.3 x 10 Z°. Example a) correspond to a dilepton
analysis with a single Gaussian boost resolution. Example b) shows a more realistic
resolution function, adding tails and the boost resolution. In example c) the scenario
of an exclusive analysis is given (e.g. D,-lepton with a jet-charge tag). The statistics
is much smaller, this is compensated by higher purity and improved resolution.

quantity FT Likelihood(oc) A-fit
AL®(v)q =
— )
data d(v) —d(v)a(v) | 1a() 44= o)
o2 2 o2
expectation dyie(v) = a(v) =
y el = el2) Afiu) = 3 | A=
(signal at v) 5f:(1 - 2n)D(w, 0y, 0) ¢
expectation alv
dNomim(V) =0 A»C?Voamim(y) = +%% ANomim(V) =0
(no signal) ¢
variance g4 =+/n/2 o[AL>®(v)] = %:) o(A(v))
limit AL™ > ALYy
o a(v) > d(v) + coq (V)a itia(¥) A(v) <1 - co[A(v)]
condition +co[AL®(v)]
Table 2

Corresponding quantities in the Fourier analysis, likelihood with reference to infinity
and amplitude fit. The Fourier quantities are defined by the analysis parameters, f,
(signal fraction), n (mistag), n (total event number), o; and o, (vertex and boost
resolution), ¢ defines the confidence level, e.g. 1.645 for 95%.

27




rel. amplitude

rel. amplitude

Table 3
Correspondence between the amplitude fit and the likelihood referenced to infinity.

This relations allow to calculate the likelihood function from the A-fit and vice

versa.

Likelihood A-fit
data likelihood | AL>(v) = [} — A(W)];ztp
average (signal at v) AL®(V)miz = —%J[A%U)]z
average (no signal) AL (V)nomiz = %J[AE,,)]z
variance o[AL®(v)] = a'[Al(U)]

a)

Lt gl ]
7.5 10
Real(FFT) numerical Am/ps”!

125 15 175 20

weibi Lo

et e IR N
7.5 10 12.5 15 175 2
Real(FFT) analytical Am/ps”!

0

rel. amplitude

rel. amplitude

c)
I S T et sl T
7.5 10 12.5 15 17.5 20
Real(FFT) numerical Am/ps”!
d)
IR AT N
0 2.5 5 7.5 10 12.5 15 17.5 20
Real(FFT) analytical Am/ps”!

Fig. 1. FFT of oscillations (real part) with a vertex resolution of 0.15 ps (a)

and the approximate analytical calculation (b). The peaks correspond to w

1,2,4,6,8,12,14,16 ps~!. The vertical scales are arbitrary. The same calculations
with an additional boost resolution of 10% are shown in (c,d).
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Fig. 2. a) Time distribution of an oscillation signal with Am = 6 ps™! (average
of 800 experiments, mean + rms). b) Fourier transformation of a single experiment
(corrected for the underlying exponential background). ¢) Fourier transformation
(mean + rms) averaged over the same 800 experiments. d) Distribution of the
noise. Plotted is the distribution of the Fourier amplitude around its average value.
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The dashed line is the expectation from the Wiener Kinchin theorem.
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Fig. 3. Expected signal /noise ratio for typical B? oscillation experiments. The pa-
rameters of the various analyses are shown in Table 1. The solid lines assumes a
vertex resolution of 0.15 ps~! and a perfect boost reconstruction. Mistag, purity
and statistics corresponds to a dilepton analysis (example a) in Table 1). The dashed
line represents a more realistic case adding tails to the resolution function (example
b)). The dotted line corresponds to an exclusive analysis using D,-lepton events,
with lower statistics, higher purity and improved resolution (example c)). Although
the signal/noise ratio is inferior at low frequencies, the analysis improves at high
frequencies due to the better resolution.

The vertical lines show the intersection with the S/N = 1.645 line, the condition
for a 95% lower limit.
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Fig. 4. Typical log-likelihood function versus the oscillation frequency: Plotted is the
average likelihood for w = oo (solid line), the average minimum in case of oscillations
(dashed line) and the +10 contours around the average likelihood (dashed dotted
lines). The 95%C.L. upper limit of the log-likelihood in case of mixing is shown as
dotted line.
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Fig. 5. Frequency limits obtained from Monte Carlo experiments. A large number
of Monte Carlo experiment (each corresponding to 10000 events with f, = 0.12,
n = 0.18, and 0.15 ps resolution) are generated with the same input frequency. Two
different methods are used to obtain from each experiment a lower limit on the
frequency:

Figure a) obtaining the limit from the likelihood referenced to infinity. Figure b)
using the calibrated likelihood referenced to the minimum (double sided definition).
For each frequency two values are displayed: The full dots show the average of all
limits. The empty dots indicate the value which exceeds 95% of the limits. If the
limits are correct the empty dots must always be equal or less than the generated
value. At high input values where the oscillations are washed out by the resolution
the limit stays at a constant level, indicating the sensitivity of the experiment.
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Fig. 6. Calibration of the log-likelihood difference cut, referenced to the minimum
as function of the generated frequency w (95% of the Monte-Carlo experiments
have a log-likelihood difference below the cut). Solid triangles correspond to the
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at low frequencies, where the log-likelihood minimum is deep and narrow, the cuts
are consistent with the theoretical values (1.92 and 1.34 respectively).
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Fig. 7. Analysis of oscillations in Monte Carlo experiments using (from top to bot-
tom) Fourier transformation, likelihood referenced at infinity and amplitude fit.
The points represent a given Monte Carlo sample, the error bars indicate the 95%
C.L. errors [0 X 1.645]. The solid line the average expectation for no oscillations
(Am = o0), the dashed line the average peak or minimum position for oscillations
at this value of Am. The dotted line shows the 95% C.L. level contour around the
expectation for no oscillations.

Each Monte Carlo experiment generates 10000 events with f, = 0.12, = 0.18 and
0.15 ps resolution. The generated frequency is 5.5 ps~1.

All methods show a clear signal at the generated frequency.
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Fig. 8. Analysis of oscillations in Monte Carlo experiments using (from top to bot-
tom) Fourier transformation, likelihood referenced at infinity and amplitude fit.
The points represent a given Monte Carlo sample, the error bars indicate the 95%
C.L. errors [0 X 1.645]. The solid line the average expectation for no oscillations
(Am = o0), the dashed line the average peak or minimum position for oscillations
at this value of Am. The dotted line shows the 95% C.L. level contour around the
expectation for no oscillations.

Each Monte Carlo experiment generates 10000 events with f, = 0.12, = 0.18 and
0.15 ps resolution with a generated frequency Am = oo. All methods are in best

agreement with the expectation for no oscillations and give a limit at 10 ps~?.
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