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Abstract

Most particle detectors are based on the principle that charged particles leave a trail of ionization in the detector and
that the movement of these charges in an electric field induces signals on the detector electrodes. Assuming detector
elements that are insulating and electrodes with infinite conductivity one can calculate the signals with an electrostatic
approximation using the so-called ‘Ramo theorem’. This is the standard way for the calculation of signals e.g. in wire
chambers and silicon detectors. In case the detectors contain resistive elements, which is, e.g. the case in resistive plate
chambers or underdepleted silicon detectors, the time dependence of the signals is not only given by the movement of
the charges but also by the time-dependent reaction of the detector materials. Using the quasistatic approximation of
Maxwell’s equations we present an extended formalism that allows the calculation of induced signals for detectors with
general materials by time dependent weighting fields. As examples, we will discuss the signals in resistive plate chambers
and underdepleted silicon detectors.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

The currents induced on grounded electrodes by
moving charges can be calculated with static
weighting fields using Ramo’s theorem [1]. In case
the electrodes are not grounded but connected
with reactive elements, the voltage and current can
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be calculated by time-dependent weighting fields as
shown in Ref. [2]. In case the volume between the
electrodes contains conductive material in addi-
tion, which is the case for e.g. resistive plate
chambers or underdepleted silicon detectors, we
need a further extension of the theorem, which is
the subject of this paper. This problem was already
discussed in Ref. [3], for this conference a more
practical ‘recipe’ formulation of the theorems is
presented.
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2. Formulation of the problem

We investigate the scenario shown in Fig. 1.
Electrodes of infinite conductivity are embedded in
a medium with general position and frequency-
dependent permittivity &(X,s) and conductivity
a(X, s) and are in addition connected with arbitrary
discrete elements (s =iw is the Laplace para-
meter). At 1 = 0 a pair of charges g, —¢q is created
at position X;(t = 0) = X,(¢ = 0) from where they
move along trajectories X;(z) and X,(z). What are
the voltages V,(¢) induced on the electrodes by the
movement of these charges ?

3. Quasistatic approximation, weighting potentials,
admittance matrix

In case we can neglect Faraday’s law, i.e., in case
the electric fields induced by the time dependence
of magnetic fields can be neglected with respect to
the electric fields due to the presence of charges,
Maxwell’s equations (written in the Laplace
domain) collapse into the equation [4,5]

Vleerr (%, 5)VIP(F, ) = —pex (%, 5),
ER®,5) = —V§(, ) (1)

Fig. 1. At t =0 a pair of charges is created at a space point
from where they move along different trajectories. This
movement induces voltages on the electrodes.

where ecr(X,5) = e(X,5) + a(X,5)/s and p.(X,s)
is an ‘externally impressed’ charge density. This
equation is equal to the Poisson equation
for electrostatic problems with an effective
permittivity, so knowing electrostatic fields for
a given permittivity we find the time-depended
fields for a scenario with conductive materials
by simply replacing ¢ by ¢+ /s and performing
the inverse Laplace transform. Examples are
given in Ref. [3]. For further discussion we can
remove the discrete elements since we can consider
them to be included in the functions e&(X,s)
and a(¥,s). Before calculating the induced signals
we investigate a few properties of the solutions
of Eq. (1).

In case we remove the charges, and put the
electrodes to potentials v(s), va(s), vs3(s) we can
write the solution as

3
= _ U}’I(S) =
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where the y,(X,s) are the potentials in case

electrode n is set to Vol'gage Vo and all other

electrodes are grounded (A4, indicates the surface

of electrode n):

Vleerr (%, 5) VI, (%, 5) = 0
l//n(jéa S)|f:;{m = V05nm- (3)

We call y,(X,s) the weighting potential of elec-
trode n and E,(%,s) = —?lﬁn(fc',s) the weighting
field of electrode n (Fig. 2). The fact that Eq. (2)
satisfies the boundary conditions is evident by
construction, and since such a solution is unique it
is the general solution. The external currents i*'(s)
that we have to put to the electrodes in order to
provide the potentials v,(s) are given by (recalling
that differentiation with respect to time corre-
sponds to multiplication with s in the Laplace
domain)
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Fig. 2. The weighting potential ,(X,s) and corresponding
weighting field E,(%,s) are defined by applying a voltage V' (a
delta voltage V() in the time domain) to electrode n while
grounding the other electrodes.

where we have defined the admittance matrix:

N _ = N -
Vum(8) = 7% Eepr(X, S)E (X, 5)dA. ®)
0
;in
Eq. (4) can be represented by an equivalent circuit
diagram with node impedances Z,,,(s) (Fig. 3). The
current flowing between node »n and m is related to
the node voltages by i, = (v, — vy)/Zym. The sum
of all currents at node n is equal to i€ i.e. i =
an:l inm- Comparing these relations to Eq. (4)
defines the relation between Z,,, and y,,, as
1

an(S) = _y (S)
1

n#m,

Zm(s) = (6)

Z):;:I Ynm (S)

Finally we want to define the potentials y, (X, s) and
related fields K,(X,s) = —Vy,(%,s) by putting a
delta current i£¥'(7) = 1,d() to electrode n and zero
current on the other electrodes. This corresponds
to putting a charge of ¢**'(¢) = I to the electrode,

n
which in the Laplace domain reads as
dp'(s) = Io/s:

Veoy (%, 9)V]1,(X, ) = 0,

- 7{ e (5,997, (%, 5) 44 = 126, ™
Ap

The current will cause voltages v,(s) = y,,1(s)Iy on
the electrodes, for which we know the general
solution from Eq. (2), so we have the relation

3
1E = 35D Vb6 by (R, ®)
m=1

We will use all these relations in the next section.

4. Induced signals

The voltages V,(f) induced by the movement of
the charges (Fig. 1) are formally given by the
relations (L denotes the Laplace transform):

py(%,8) = L[g6* (X — X1(1))
— g3 (% — %(0)] ©)

Vleer (X, )VIP(X, 5) = —p, (%, 5),
Vls) = p(E,9)e_j - (10)

We can now simplify these relations by using an
extended version of Green’s second theorem:

?{ VRV @VH(F) — RV () V(%)) d4 (11)

- /V WOV EVIHE) — @)Y
x[f (R V(X)) d*x (12)

where the surface A4 encloses the volume V. This
relation holds for arbitrary functions ¢(X), Y (X)
and f(X). We insert ¢(X,s) from Eq. (10), replace
V(X s) by x,(X,s) from Eq. (7) and f(X) = (X, 5).
We assume V' to be the entire volume between the
electrodes and A to be the enveloping surface, i.e.,
the surfaces of the electrodes and a ‘grounded’
surface at infinity, which yields:

Valo) =1+ /V 1alE )0, ) dx. (13)

Inserting the charge density (Eq. (9)), and return-
ing to the time domain gives

t
van= -4 / RoF(0), 1 — (Th(7)dr
Iy Jo

t
L4 / Rt — (Fa(t)dd (14)
Iy Jo
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where X(7) = d/dX(z) is the velocity vector of the
charge. The voltages V,(f) can therefore be
calculated by the time-dependent fields I?n(ic’, ?).
There is however a more practical way to proceed:
if we imagine the electrodes to be grounded
(Fig. 4), the voltages V,(f) are always zero
and the movement of the charges induces currents
that flow between the electrodes and ground.
Formally, we can find this current by solving the
equations:

Wm@@ﬁﬂf®=—%®ﬂ
DX, 9)] o i = (15)
and calculating
Li(s) = —sQ,(s)=s
x / teir(2, 5)V(X, 5) dA. (16)
An

Using again Green’s theorem and inserting Egs.
(15) and (16) and y,, from Eq. (3) we find:

16 =5 [ 0,G9p 9 dx (17)
VolJy 1
which in the time domain reads as

q "z o
um=—~—/lMﬁUM—ﬂhUMf

VoJo

q "z 2

+—/ E [X(0), t — £]x(¢) dr . (18)
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We can now rewrite Eq. (13) by inserting Egs. (8)
and (17), which yields

V@—me—

m=

x / Yo%, 8)5p, (X, 8) d*x
v

3
=D VO In(s). (19)

m=1

The currents induced on the grounded electrodes
are related to the induced voltages by the
admittance matrix and we can therefore make
use of the equivalent circuit diagram shown
before.

5. Extended theorems

We want to summarize the relations found in
the last section:

The voltage V,(¢) induced on electrode n, as
shown in Fig. 1, can be calculated by removing the
charges, putting a delta current Iyd(f) to the
electrode in question (leaving the discrete elements
in place), which defines a time-dependent field
K,(X,1) in the space between the electrodes, from
which the induced voltage can be calculated with
Eq. (14).

A more practical way to calculate the signals is
given by proceeding in four steps:

(i) One removes the charges and discrete
elements, and calculates the weighting
fields En()?, t), which are defined by app-
lying the voltage Vyo(f) to an electrode
while grounding all others (Fig. 2 and
Eq. (3)).

(i1) One finds the equivalent circuit diagram of the
electrode system by calculating the admittance
matrix and the related impedance elements
(Fig. 3, Eqgs. (5) and (6)).

(iii) Next, one calculates the currents /,(¢) induced
on the electrodes in case they are grounded
(Fig. 4 and Eq. (18)).

(iv) Adding this equivalent circuit to the discrete
elements and putting the calculated currents
1,(¢) as ideal current sources to the electrode
nodes (Fig. 5) finally gives the induced
voltages V().

'fx (9)
Z(&Ss)) lsx%s)

'3 (5)

@

Fig. 3. The influence of the medium can be represented by an
equivalent circuit diagram. In case the medium is insulating the
impedance elements are the mutual capacitances of the
electrodes.



W. Riegler | Nuclear Instruments and Methods in Physics Research A 535 (2004) 287-293 291

Fig. 4. In case the electrodes are grounded the movement of the
charges induces currents that flow between the electrodes and
ground.

Fig. 5. Circuit diagram defining the voltages V(7).

6. Example

As an example we investigate a structure shown
in Fig. 6 showing a parallel plate detector contain-
ing a conductive layer.

As a first step we calculate the weighting fields.
Setting electrode 2 to voltage Vy and grounding

electrode2

€a= &€g10,/S di

electrodel

HV

Fig. 6. A geometry representing a resistive plate chamber or
underdepleted silicon detector.

electrode 1 we find (in the Laplace domain):

SaVo V08r
E ~ = — = —
2(5) eqds + epd (dy + daey)
S
s+ 1/m
_ SbVo _ V()
 tada+epdy  (di + dogy)
X u <0
— .,z
s+ ]/‘Ez’
. dy + dae,
7 2880, 12=8—0(M>. (20)
o o d>

The weighting field of the other electrode is given
by E(s) = —E»(s), so we have I,(t) =—1I,(¢).
Using the particle trajectory z(¢) = dy, — vt, t<T =
d, /v and evaluating Eq. (18) we find the induced
current of

I() = —

v & d1
1 d| + ¢.d> dre,

1 dl(T/ _
= —qgop—— (e Tz—l)e o s T
1 di + &.d> d>

(1- e_’/”)}, t<T

The current is shown in Fig. 7. For this example
we assumed d; = 3mm, dr, = 0.3mm, ¢ = 6. We
also define © = &y/0. If the resistivity of the layer is
very high (t>T), a constant current is induced
while the charge is moving; once the charge hits
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Fig. 7. Induced currents for different values of a.

the surface the current is zero. In case (t =T)
the induced current is not only caused by
the movement of the charge but in addition
by the flow of charges in the conductive layer.
Once the charge hits the surface it is ‘compensated’
with a time constant t by charges flowing in
the layer. In case the layer is very conductive
t<T it acts like a metal plate and the induced
current is equal to the one in a parallel
plate geometry of plate separation d,. In common
RPCs made of glass or Bakelite, the typical
resistivites p = 1/g are 10'°-10"”Qcem  giving
time constants 7~ 1—100ms. Since the electron
movement time is of the order 7 ~ few nanose-
conds, we always have the condition 7> 7T in
this detectors. Undepleted silicon with doping
concentration for e.g. Na =10"/cm® has a
volume resistivity of 1/ ~ 5kQcm which gives
a times constant of about 0.5ns. Therefore, we
usually have the case 1< 7T in these conditions.
Evaluating Eqs. (5) and (6) and assuming a
detector area 4 we find the impedance elements
le = 222 = 00 and
1 R/SC2

Z =t 21
12(5) sC1+R+l/sC2 2D

12(t)

1)

Fig. 8. Equivalent circuit for the geometry in Fig. 6.

with
A A 1d
C1:80— C2:8r80—, R:——1

dz’ d] oA ' (22)

This is a very intuitive result: the geometry in Fig.
6 is equal to a capacitor in series with the parallel
circuit of a capacitor and a resistor. In order to
arrive at the induced voltages, we finally connect
the equivalent circuit to the discrete elements and
add the signals as ideal current sources (Fig. 8).
This step is usually performed by an analog circuit
simulator program.

7. Summary

We presented theorems that allow the calcula-
tion of induced signals in particle detectors
containing materials with finite conductivity. The
time dependent weighting fields of the electrodes
can be obtained from electrostatic solutions (in the
Laplace domain) by simply replacing ¢ with ¢+
a/s. From these weighting fields one obtains the
currents induced on grounded -electrodes, the
equivalent circuit diagram of the detector and
finally the induced voltages. An application of the
theorems to resistive plate chambers and silicon
detectors was presented.
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8. Erratum

In Ref. [3] there are sign errors in the
final formulas. Eq. (41) of Ref. [3] should read

like:  Vi(t) = 2y (Ro(0),0) = 2 [ Ev(Ro(), 1 — 1)
0

Xo(?)df' Eqs. (43) and (44) of Ref. [3] should
be replaced by Eqgs. (14) and (18) from this
publication.
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