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Abstract

The thermodynamic loss of rotary valve and the coefficient of performance (COP) of GM-type pulse tube coolers (PTCs) are
discussed and explained by using the first and second laws of thermodynamics in this paper. The COP of GM-type PTC, based on
two types of pressure profiles, the sinusoidal wave inside the pulse tube and the step wave at the compressor side, has been derived
and compared with that of Stirling-type PTC. Result shows that additional compressor work is needed due to the irreversible
entropy productions in the rotary valve thereby decreasing the COP of GM-type PTC. The effect of double-inlet mode on the COP
of PTC has distinct improvement at lower temperature region (larger 75/71). It is also shown that the COP of GM-type PTC is
independent of the shape of the pressure profiles in the ideal case of no flow resistance in the regenerator. © 2001 Elsevier Science

Ltd. All rights reserved.
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1. Introduction

In general pulse tube cooler (PTC) requires a phase
shifter system, located at the hot end of the pulse tube,
to achieve an optimum phase angle 6 between the gas
flow rate and the pressure oscillation inside the pulse
tube to increase the cooler performance. The so-called
orifice [1] and double-inlet [2] modes are two of the most
well-known configurations. Other innovations are multi-
bypass [3], two-piston [4], four-valve [5], inertance tube
[6], active-buffer [7], inter-phasing [8], and double-orifice
[9].

In recent years multi-stage 4 K-PTCs [9-11] have been
reported with multi-layered hybrid magnetic materials
in the coldest regenerator region. Two-stage PTCs can
provide more than 0.5 W cooling power at 4.2 K and
meet the cooling requirements of superconducting de-
vices operating at 4 K [12]. By using *He as the working
fluid the lowest temperature below 1.8 K has been
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achieved [13]. All these machines use a compressor and a
valve system to produce pressure oscillation in the
cooler system. They are called GM-type PTCs.

A GM-type PTC, shown in Fig. 1, only differs from
the Stirling-type at the compressor side of the cooler.
Instead of a piston compressor the GM-type uses a ro-
tary valve or several electromagnetic valves to generate
the pressure oscillations in the cooler. In the ideal case
the compressor is isothermal and reversible. The com-
pressor heat is removed in the aftercooler. The rotary
valve connects the PTC system alternatively to a con-
stant high pressure py and a low pressure py.

This paper is a continuation of our previous papers on
the thermodynamic aspects of pulse tubes [14-17]. We
will discuss the thermodynamic losses of the rotary valve
and the coefficient of performance (COP) of GM-type
PTC in this paper. General expressions for the COP of
GM-type PTC, based on two types of pressure profiles,
the sinusoidal wave inside the pulse tube and the step
wave at the compressor side, have been derived and
compared with those of Stirling-type PTCs.

2. Thermodynamic analysis

Fig. 2 shows the compressor and the rotary valve
parts of a GM-type PTC with enthalpy flows and en-
tropy flows in it. Consider the control volume at left
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Nomenclature

area

flow conductance
heat capacity at constant pressure
heat capacity at constant volume
enthalpy

length

length of regenerator
molar flow rate
pressure

heat

ideal gas constant
entropy

time

period

temperature

velocity

internal energy
volume

volume flow rate
work

flow impedance

Greeks
o ratio of molar flow rate, see Eq. (25)
oty volumetric thermal expansion coefficient

NQVR}Qtﬂn“”M%(Q““ ETmOOAOA

gas density

phase angle

viscosity

dissipation rate, see Eq. (11)

ratio of flow conductance, see Eq. (24)
notation for general parameter, see Eq. (56)
notation for general parameter, see Eq. (59)
dissipation parameter, see Eq. (61)

time

angular frequency

E A g/ D

Subscripts

0 average value

1 orifice

2 double-inlet

A amplitude

ac aftercooler

c compressor

chx cold heat exchanger
hhx hot heat exchanger
H hot end, high-pressure side
L cold end, low-pressure side
m molar quantity

r regenerator

t tube, total

A" rotary valve

side, which contains the compressor and the aftercooler.
Applying the first law of thermodynamics to this system,
the rate of increase of the internal energy U is given by

U:HmL_HmH+W_Qacv (1)

where Qac is the heat extracted in the aftercooler. The
heat flow and the molar flow rates are positive when
they flow into the control volume. We consistently de-
note flows of extensive quantities with an asterisk * on
top (like H) and the rate of change of extensive quan-
tities of a certain system with a dot on top (like U). For
heat flows and entropy production rates, which are pa-
rameters rather than changes in functions of state, we
will use the dot notation.

Po

Fig. 1. Schematic diagram of a GM-type PTC: (1) compressor; (2)
aftercooler; (3) rotary valve; (4) regenerator; (5) cold end heat ex-
changer; (6) pulse tube; (7) hot end heat exchanger; (8) buffer; (9) or-
ifice; (10) double-inlet.

The system is in steady state unchanged over one
cycle, so the average internal energy U = 0. Eq. (1) be-
comes

W =0+ Hun — HnL (2)

If the gas is an ideal gas and if it enters and leaves the
control system at room temperature 7y, the enthalpy at

Fig. 2. Control volume of the compressor and the rotary valve parts
with enthalpy flows and entropy flows in it. The control volume at the
left side contains the compressor and the aftercooler; the right side
contains the rotary valve and the connecting tubes.
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the low- and the high-pressure sides are equal. Eq. (2)
becomes

W= 0Oy (3)
The second law gives the rate of increase of the en-
tropy S:

Qac *
Sl —

Ty o™

The system is in the steady state over one cycle, so the
average entropy production rate S = 0. Eq. (4) can be
rewritten as
%: SwL — SmH -‘rgac. (5)
Ty

For an ideal gas, we have

§=— St + S 4)

§mH—§mL:—I’ZFR1np—H. (6)
PL

_ For the ideal case the compressor works reversibly,

Sae = 0. Combining with Eq. (3), the work needed to

compress the gas from the low pressure py to the high

pressure py sides of the compressor is given by

W = nTuRIn2t. (7)
PL

Consider the control volume at the right-hand side in
Fig. 2, which contains the rotary valve and the con-
necting tubes. The system is also in steady state over one
cycle. The enthalpy flows entering and leaving the sys-
tem at the compressor side are equal, so there is no net
enthalpy change due to this gas flow. Also there are no
enthalpy flows entering and leaving this system at the
regenerator side. The rotary valve works isothermally,
so in the case of an ideal gas no heat has to be extracted
from it.

The second law applied to this control system gives
SV - SmL_SmHJ'_SmR; (8)
here Sy is the irreversible entropy production in the
rotary valve. With Eq. (6), we have

EV = ;R ll’lp—H + §mR~ (9)
pL

For the whole cooler system, the relationship between
the cooling power and the work from compressor is
given by [14]

— Ty — -
W= (—I)QL—i-THSt. (10)
TL

In this expression S, is the sum of the entropy pro-
duced by all irreversible processes in the cooler system
during one cycle.

The modified thermodynamic loss (dissipation rate) of
the rotary valve is defined as

 TuSy

y=—. (11)
w
The COP of GM-type PTC is given by
COPgy :%: L 1- ft . (12)
wo Ta—To W

3. COP of GM-type PTC (sinusoidal function)

Based on our previous paper [15] about Stirling-type
PTC we will derive below the expressions for the COP of
GM-type PTC. Assuming the pressure profiles inside the
tube are sinusoidal

Pt = po + pi cos wt. (13)

The volume flow rate through the orifice and double-
inlet valves can be expressed as

Vi :Cl(pt—po):Clpl Cos wt, (14)

V2= Cape — o), (15)

where C; and C, are the flow conductances of the orifice
and double-inlet valves, respectively. The gas velocity at
the hot end of the tube can be approximated as

1« * 1
ug = [Vi = Vo] = - [Ci(pe = po) = Cope = p)]. - (16)
t t
The gas velocity at the cold end of the tube is given by
[15]

Cy L d

We assume here that the filling factor of the regenerator
is equal to unity so that the molar flow rate is inde-
pendent of the length / of the regenerator, so the pres-
sure drop in the regenerator with flow impedance Z; and
length L, can be expressed as

nRZ " _ mRT,

(18)

with C,y being the flow conductance of the regenerator
at room temperature

1
Zr”]H

and the effective temperature

Ly
Te:i/ T dr. (20)
L Jo M

So the volume flow rate through the regenerator can be
simply expressed as

Cin = (19)

n.RT,

Ve =
L o

:Cr(Pc_pt) (21)
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with
Ty
C,=Cu—.
T
The gas velocity at the cold end of the tube is
1
A_Cr(pc - pt) (22)
t

Combining with Egs. (16), (17) and (22), the pressure
drop across the regenerator is given by

Pe — Py = Ypi(cos ot — asin wt) (23)
with
C
=~ 1~ 24
4 C,+C’ (24)

here « is the ratio between the components of the molar
flow rate which are in-phase and 90° phase with the
pressure, and it is defined as

CV Llw

(25)
So the phase angle between the gas velocity and the
pressure at the cold end of the tube is given by

0 = arctana. (26)

Therefore the pressure oscillation at the compressor side
is given by

De = po + p1 cos ot + Yp;(cos wt — asin wt). (27)
It can be rewritten as
(14 )* + (o))* cos(wt + ). (28)

Therefore, the pressure amplitude

—pol = piy/ (1 + ) + (o)™,

Combining with Egs. (21)—(23), the molar gas flow rate
through the regenerator is found

DPec — Po = D1
A = |pe

n, = p—ol//Crpl (cos wt — asin ). (29)
RTL

From Eq. (14), the molar gas flow rate through the or-

ifice valve is

n, = RPTHC]pl cos wt. (30)
From Eq. (15), the molar gas flow rate through the
double-inlet valve is

*

n, = ﬁwczp, (cos wt — o sin wi). (31)

Combining with Egs. (29) and (31), the molar flow rate
through the compressor side is

* * *
ne=n;+ ny

(G5 )T et e). ()
H

Integrating and averaging Eq. (32) over a half cycle
gives

= C C

= lﬁ ( 42 2 ) p(;fl

1 2.
. T + o (33)

From Eq. (7) the work needed to compress the gas from

the low-pressure side to the high-pressure side is given

by

= = 2

W = neRTuIn2 ~ n RTy 22 (34)
pL Po

Comparing with Egs. (28) and (33), Eq. (34) becomes

41 G, C Ty

_Cpr— | =42

2 et {cr TL]

<AL+ ) + (o) V1 + a2, (35)

The cooling power can be expressed as [15]

C. 1
QL C e 2C1P1

Substituting Eq. (36) into Eq. (35) gives

P2 S B arnr s VTR, o)

Therefore the COP of GM-type PTC is

W:

(36)

COPSm *Q:
w
_r !
O/ Cot T /T (1 +9) + ()P VT F o
(38)

Since we discuss it in the case of the sinusoidal wave, we
use subscript Sin. Substituting Eq. (24) into Eq. (38)
gives

COPg;,
on 1+C2/Cr
O/ Cot T TN (14 Co/ G4 C G + (oG /G VT2

(39)

Two ideal cases help us to interpret Eq. (39). The first
is the case when there is no double-inlet valve (single-
orifice PTC), this means C, = 0, then Eq. (39) becomes

TL T 1
Tt Jata/ay + ea/cpvViTa
(40)

The second case is that if the flow resistance of the
regenerator can be neglected, this means C, — oo
(Z, — 0). In this limit

COPSin =

TLTC 1
CoPg, = LT 41
s Ty 4 /1 + o2 (41)



Y.L. Ju | Cryogenics 41 (2001) 513-520 517

For the Stirling-type PTC, we have (Eq. (79) in [15])

COPg, = %
w
B 1+ G/C
C[Cy/Cr 4+ Ty /Ti)[1 + Co/Cr + C1/Ce(1 + 02)]

(42)
If there is no double-inlet valve, C, = 0, then Eq. (42)
becomes
7L 1
Tu [1+(C/C(1+02)]
If neglecting the flow resistance of the regenerator,

C, — oo, we obtain the well-known result for the COP
of PTC

T
COPs; = 7. (44)

COPg, = (43)

Comparing Eq. (44) with Eq. (41), we have

COPg, = 1
COPy, 4 Viza (43)
This is due to the dissipation of the rotary valve of
GM-type PTC compared to that of Stirling-type PTC.
Since the GM-type PTC only differs from the Stirling-
type at the compressor side of the cooler, it uses a rotary
valve, so that an additional compressor work is needed
due to the irreversible entropy production in the rotary
valve thereby decreasing the COP of GM-type PTC.
From Eq. (25), we have

oo 1/Cy. (46)

Substituting Eq. (46) into Eq. (42), we can find the
maximum COP for Stirling-type PTC with respect to
o = 1. From Eq. (26), this means that the phase angle 6
between the gas molar flow rate (velocity) and the
pressure at the cold end of the pulse tube is equal to 45°.
This phase angle has been detected experimentally [18].
Substituting o = 1 into Eq. (45) gives
COPSin n 1
COPy 43 0.55. (47)

This means that in the ideal case of no flow resistance
in the regenerator, the COP of ideal GM-type PTC is
only 55% compared with that of ideal Stirling-type PTC.
Substituting o = 1 into Eq. (39) and Eq. (42) gives

COPSin

0.55(14+C,/Cy)

o/ €t T/ Ty (L4 o/ G QG 4 (G
(48)

(1+G/C)
[C/Ci+ Ty /TL][1+Co/C+2C /C]

Figs. 3(a) and (b) show the variations of COPg;,/
(Tp/Tu) and COPg,/(T./Ty) as a function of the ratio

COPS[ -

(49)

C,/C, for the different refrigeration temperatures 77, at
the ratio C,/C, = 0.468 [15], which is a alue in our ex-
perimental set-up [17]. These two figures eliminate the
influences of different refrigerator temperatures. Com-
paring Figs. 3(a) and (b), it is found that COPg, is al-
ways lower than that of COPg, for the same refrigeration
temperature 7. We also find that the effect of double-
inlet on the COP of PTC has distinct improvement at
the lower temperature region.

From these two figures, we find that if 71 is lower than
a certain critical value Tic, it is given by

(1 +a2)TH
(14+02)+C/Ci
In the case of a =1, C,/C, =0.46, T1Tic =~ 145 K,

there is an optimum value of the flow conductance C,
of the double-inlet for achieving a maximum COP

Iic= (50)

0.6 I
T - TL= 10K -
S| TL= 30K
TL= 50K
TL= 75K+
TL=1 5OK
O1Ak ~~~~~m~‘,‘,m‘ R R
0.0 ! % | % |
| 2 ; : 3 10
(a) N
1.0 .

1

0.0

0 2 4 6 8 10
(b) C,/C,
Fig. 3. Variations of COP/(7./Ty) as the function of the ratio of

C,/C, for different refrigeration temperatures 7p with Ty = 300 K,
C,/C, = 0.468. (a) COPs;,/(T1./Tu) and (b) COPs, /(T /Ti).
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corresponding to 7, both for GM-type and Stirling-
type PTC. Otherwise, if the refrigeration temperature 77,
is above the critical value Tic, the double-inlet is
harmful for COP of PTCs.

4. COP of GM-type PTC (step function)

Next we will derive and discuss the COP of GM-type
PTC based on the step function of the pressure profiles
generated by a GM compressor and a rotary valve. For
this kind of pressure profile, an ideal time-dependent
pressure profile before the regenerator is shown in Fig.
4, which is divided into four steps. The pressure in-
creases from low pressure pp to high pressure py in step
(a) and remains at high pressure during step (b), de-
creases to low pressure p; in step (c) and remains con-
stant at low pressure in step (d). It can be expressed as

po—pi+(2pi /o)t (0<f<f) (1a),

N = DPo+p1 (‘L'<l< l‘c) (Ib)
PO=9 oty — o) (= 1a) (o<t < e +2) (1),
Po— D (t+r<t<t)ﬂd%

(51)

where py and p, are the mean pressure and the pressure
amplitude, respectively. For convenience, we assume
1< ., (t. =2n/w the period), and only consider the
period of the first half-cycle where the pressure profile is
above the mean average pressure py (similar to that of
the part below p, for reasons of symmetry and conti-
nuity)

Pe =po+pi. (52)

Similar to the derivation of Eq. (23), we can obtain the
pressure drop across the regenerator

o dpy

Pc—Pt:‘ﬁ (pt )+_E . (53)
It can be rewritten as
oy dpe _
EE*‘( +Y)pe = pe + Ypo. (54)

@ ® © @

Fig. 4. An ideal step pressure wave at the compressor side generated
by means of a GM compressor and a rotary valve.

This equation is exactly the same as Kirchoff’s law of a
resistance—inductance circuit, its solution is

p= 4—1%%TD+be’”T (55)
with
r—_ W x G (56)

I+y)o 0 C+C+C

Constant C can be determined by the boundary condi-
tion. For reasons of symmetry and continuity, the am-
plitude of the pressure oscillation inside the tube plus the
pressure difference between the pressures in the com-
pressor and the tube should be equal to the amplitude of
the pressure oscillation at the compressor side, and this
gives
2p1 1

14+ 1+ew/2”

Therefore, the pressure oscillation inside the tube can be
expressed as

C=- (57)

pe=po+ Pp (58)
with parameter

1 2eT
q§:1+¢(1_1+e—%/”>' (59)

Fig. 5 shows a typical pressure profile inside the pulse
tube given by Eq. (58).

Similar to the derivation of Eq. (33), a detailed anal-
ysis shows the average molar gas flow through the
compressor side

T lp C C2 pOpl 4T')U
ne = A +9) + R 1+ o | (60)
C
Here we introduced a dlssipation parameter
1 — e—zc/ZT
=——. (61)
1+ e—te/2T
o _‘
r )
e | o™ s
‘\ o |’
16+ | O |
P ‘ a ‘\ EUF.
14+ K 5 ‘ ncn:nN
| o ‘
| \
124 | “000ag,,
1 l et
| |
1+ |
bog 0z 04 06 0g

t

Fig. 5. A typical pressure profile inside the pulse tube (open box), the
solid line is the pressure profile at the compressor side.
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The maximum Y =1 at T = (a/w){C/(Ci+Cr+
C;} = 0 means that there is no flow resistance (C;, — o)
in the regenerator. According to Eq. (34), the work
needed from the compressor is given by
G, 1 Ty G ATY
—+—=||1+—]. (62
cratimln el Y] ©
The general entropy production in the orifice can be
expressed as [14]

— 1 tc/2
TuSo1 = ) / Vi (p— po)dt
c 0

2 /2 5
=— / C (pt 7p0) dr. (63)
0

le
Substituting Eq. (58) into Eq. (63) yields

— /2
THSOI = [_/ Clp%(pz de. (64)
0

Integrating Eq. (64) gives
= Cip} ATY
TuSor = A 2 [1 B }

G+yy L &

For simplicity, we first consider here the single-orifice
pulse tube, which means that there is no double-inlet
C, =0, T=(t/0){C\/(Ci+ C;)} with wt.=2n. Eq.
(62) becomes
TH Cr Cr 200 P
TLC1—|—Cr C1+Cr7'f '

In this case, the cooling power is equal to the entropy
production in the orifice (Eq. (44) in [15]). From Eq. (66)

= ¢\ G 2

= d Cp |l —-——=v). 67
QL <C1+Cr> 1pl|: C1+Cl- P :| ( )
Therefore, the COP of GM-type PTC based on step
function at the compressor side is

(65)

W=

Cip} {1 + (66)

EL TL Cr
COPe:::—
e T Ty G+ G
C, 2o C. 2u
1— —Yy 1 — Y| 5.
XH Ci+GCw ]/[ T ”

(68)

If there is no resistance in the regenerator, C; — oo, soO

¥ =1, Eq. (66) is deduced as
TL T

COPStep = T_H T+ 2a .

(69)

Comparing Eq. (69) to Eq. (41) based on the sinusoidal
function yields

COPSin o T+ 20 (70)
COPStep 4\/ 1+ o2 .

For o = 1, this is 0.908, which means that the sinu-
soidal function is slightly more inefficient than the step
function. In the ideal case of no double-inlet and no flow

resistance in the regenerator, the COP of GM-type PTC
is independent of the shape of the pressure waves, which
is the same as the result given in [16].

5. Double-inlet pulse tube

For the double-inlet pulse tube the cooling power is
given by
- C,
O, = GG
C; C\p? 4T
- P {1 2 qf} .
G+ G (1 + l//) I

TuSor

(71)

Similarly to Eq. (63), the entropy production in the
double-inlet (second orifice) is

— 1 /2
TuSo2 :m / Va(pe — po) dt
c 0

2 /2 5
:—/0 Copi(1 — @) de. (72)

C

Integrating Eq. (72) gives

TuSo2 = — —. 73
HO02 (l—i—w)zcldj—'— e (73)
The entropy production in the regenerator is
-~ TH 1 te/2 *
TuS: = — —= Vi(pe — p)dt
H TL tc/2 /0 (p pt)
Ty 2 [*?
=2Z / Cpi(1 — @) dr. (74)
Tu t Jo
Integrating Eq. (74) yields
< cp? G T 8y +4)TY
LS = 1p12H|:lﬁ2+(lp ) :| (75)
1+y) G I le

Summing Egs. (65), (73) and (75) gives the total entropy
production

- o Clp% 74T')U C2+CrTH/TL
THS[*(1+lp)2 |:1 tc + ( C1 >
X [¢2+(8¢+t4)w” (76)

Egs. (62), (71) and (76) satisfy the general relationship
Eq. (10). Therefore the COP of GM-type PTC based on
the step function at the compressor side is found by Egs.
(62) and (71)
Cr(CZ + Cr)
C(C + C(Tu/Th))
—Y

C 2 C, + C; 2a
l———V 1 .
X{{ G n ]/{ * G n }}

(77)

COPgyep =
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06 S —

0.0

C,/C

Fig. 6. Variations of COPs,/(71./Tu) as a function of the ratio of
C,/C, for different refrigeration temperatures 7y with 7y = 300 K,
C,/C, = 0.468.

With
CG=C+GC+C (78)

is the total flow conduction in the PTC.

An example is given in Fig. 6, which shows the varia-
tions of COPgyep/(71./Tu) as a function of the ratio C,/C;
for the different refrigeration temperatures 7 at the ratio
C,/C, =0.468. Tt can be found that the variations of
COPys;, are similar to those of COPy;, in Fig. 4(a).

6. Conclusions

By using the first and second laws of thermodynamics,
the thermodynamic loss of the rotary valve and the COP
of GM-type PTC have been discussed and explained.
General expressions of the COP for GM-type PTCs,
based on two-type pressure profiles, the sinusoidal wave
inside the pulse tube and the step wave at the com-
pressor side have been derived and compared with those
of Stirling-type PTC. Result shows that the additional
compressor work is needed due to the irreversible en-
tropy productions in the rotary valve thereby decreasing
the COP of GM-type PTC. The effect of double-inlet
mode on the COP of PTC has distinct improvement in
lower temperature region. It is also shown that the COP
of GM-type PTC is independent of the shape of the

pressure waves in the ideal case of no double-inlet and
no flow resistance in the regenerator.
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