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Abstract

In this paper we address the question of when and how multistaging in pulse-tube refrigerators improves the performance. A two-
stage pulse-tube refrigerator is treated as an example. In order to avoid complicated mathematical or numerical calculations we
assume that the only irreversible process in the regenerator is heat conduction and that the average enthalpy flow in the regenerator
is zero. We derive analytical expressions for the position of the first stage connection to the regenerator in the case of maximum
cooling power and in the case of the minimum temperature. © 2001 Elsevier Science Ltd. All rights reserved.

1. Introduction

Many types of cryocoolers for the lower temperature
region are carried out as coolers in series. One cooler is
used to precool the next stage. However, a precooling
stage reduces the flow to the final stage, hence has the
tendency to reduce the cooling power. In this paper we
address the question of when and how multistaging in
pulse tube coolers improves the coefficient of perfor-
mance and under which conditions this improvement
can be optimized. In order to avoid complicated math-
ematical or numerical calculations we assume that the
only irreversible process in the regenerator is heat con-
duction. So the flow resistance of the regenerator is zero
and the thermal contact between the fluid and the matrix
is perfect. If in addition the heat capacity of the regen-
erator matrix is very large (so the gas temperature is
constant in time but varies with position) and the
working fluid is an ideal gas then, in the steady state, the
average enthalpy flow in the regenerator is zero.

First we discuss the entropy production due to heat
conduction. Next we will discuss the single-stage pulse-
tube refrigerator (PTR) and then the two-stage PTR.

2. Heat conduction

As the only irreversible process taken into account is
thermal conduction, the entropy production per unit
length is given by [1]
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The total entropy production in the regenerator is
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Here Ty is the temperature at the hot end (/ = 0) and T,
the temperature at the cold end (/ = L). The heat flow in
a regenerator with thermal conductivity x and area 4 is
given by

. dr

0=—x4 i (3)
In the presence of cooling stages along the regenerator Q
need not be constant. At each connection of a stage O
changes. With a very large number of stages O is a
continuous function of position. We can ask which O(/)
dependence would give the minimum entropy produc-
tion with the restriction that the integral

Tn Tn
L:f/ ﬂdT:/ 4 gr 4)
r, dT n O

L L

has a fixed value. This is a typical variational problem.
We introduce A, which has the same dimension as the
thermal conductivity k, as a Lagrange multiplier and
look for the O — T dependence which gives a minimum
of the integral in Eq. (2) for a fixed value of the integral
in Eq. (4). Hence we require that for all variations 6Q(T)
of the function O(T)

Wml0 kA B

0011-2275/01/$ - see front matter © 2001 Elsevier Science Ltd. All rights reserved.

PII: S0011-2275(00)00065-5



460 A.T.A.M. de Waele et al. | Cryogenics 40 (2000) 459-464

Nomenclature A Lagrange parameter
V] defined in Eq. (50)
A area (m?)
k dimensionless heat conductivity Subscripts
I axial length parameter (m) 0 value at optimum
L length of the regenerator (m) 1 first stage
o orifice 2 second stage
P power (W) B at base temperature
q dimensionless heat flow H hot (room-temperature) end
0 heat (J) i irreversible
S entropy (J/K) L single-stage low-temperature end
t dimensionless temperature lin  linear T-profile
T temperature (K) m at minimum of
X dimensionless distance (0) orifice
K coefficient of thermal conductivity (W/K m) r regenerator
Eq. (5) gives that 5 KA . <1 B 1> ' (13)
1 K A L T L T; H
0
or
. 3. Single-stage PTR
0o = VINKAT, (7)

where Qy(T) is the optimum O — T dependance. In
general x4 is a function of 7. If we assume kA4 to be
constant, then substitution in Eq. (4) gives

KA TH
= In* =
A 2 In T (8)
SO
. T Ty
Q()—KAEIHTL. (9)

This is the heat flow pattern that generates the minimum
amount of entropy while still satisfying Eq. (4). The
temperature profile can now be found by substituting
Eq. (9) in Eq. (3) which gives a differential equation with
solution

(1) = TH<E>1/L. (10)

In dimensionless form, introducing ¢=T7/Ty and
x = [/L, this reads

t(x) = 1. (11)
The total entropy production is

. KA TH

Sy =—1In” —. 12
L (12)

This is the minimum entropy production of a homoge-

neous tube spanning a temperature range from 7y to 7;.

This may be compared with the entropy production of a

linear T-profile

We start from the expression for the power P of the
compressor for the single-stage PTR in the steady state

(2]

P:(%— )QL+TH(SI+SO>. (14)

Here O, the externally applied cooling power at the
temperature 7. The heat flow, which flows inside the
regenerator, affects the entropy production terms but it
does not show up explicitly in Eq. (14). The total en-
tropy production is the sum of the entropy production
due to heat conduction in the regenerator

. e 1
Sy = —_——— 15
o(7-7) (15)
and the entropy production of the orifice
So = M (16)
Ty

Substitution of Egs. (15) and (16) in Eq. (14) gives for
the coefficient of performance of the single-stage pulse
tube
. ¢
cop, ~&_L_ 9 (17)
P Ty P
If kA is constant, then the heat flow is given by

KA(TH — TL)

Q:f. (18)

Writing
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- KAT; H
- LP’
which can be regarded as the dimensionless heat con-
ductivity, and introducing the dimensionless heat flow

k (19)

g=2 (20)
gives, with Eq. (18),

g=k1-1). (21)
The COP can be expressed as

COP, =1t —k+ k. (22)

In the ideal case COP; = ;. so the last terms express the
loss in cooling power due to the heat conduction. At the
base temperature O; = 0, so COP, = 0. From Eq. (22)
the single-stage base temperature is given by

g =—. (23)

4. Two-stage PTR
4.1. General expressions

A schematic picture of the two-stage pulse tube is
represented in Fig. 1. We start from the expression
analogous to Eq. (14)

T . . . . .
P= <?H—1>QL+TH<Sr1+Sr2+S01+S02)' (24)
2

Here Op the net cooling power at the second stage
temperature 7. The entropy production due to heat
conduction in the first part of the regenerator is

) o) |
Ty
xL
T,
first stage
(1-x)L
T,
second stage regenerator\\ .
L

Fig. 1. Schematic diagram of a two-stage PTR. The total length of the
regenerator is L. The first stage is connected at position xL.

. (1 1
S = - —— 25
oz (25)
and in the second part
. /1 1
Sp = ——— . 26
=071 ) (26)
The entropy production of the first-stage orifice satisfies
TuSo1 =01 — 0> (27)
and of the second-stage orifice
TuSoz = 02 + O1.- (28)
Summing these four contributions gives with Eq. (24)
Ty - Ty - (Ty Ty
p=>" = = ) 2
T2QL+Q1T1+Q2<T2 Tl) (29)

If O, =0, we get back the expression for the single-

stage PTR (Eq. (14)). Between room temperature and

the first stage at temperature 7; flows a heat Q; given by

. Ai(Tqg — T

o = AT =) (30)
1

In the second stage flows a heat

_ K2A2(T1 — Tz)

' —_ 31
0> I, (31)
For physically significant results we require
IyzTi =25 =20 (32)
and
01> 0, (33)
With the dimensionless heat conductivities
KiAiTH -
ki = LP (i=1,2) (34)
the COP
COP, = % (35)
the dimensionless heat flows
O
== 36
% ="p (36)
and the dimensionless temperatures
T;
i = . 37
- (37)
Egs. (30) and (31) are written as
g1 =ki(1—1), (38)
¢ = hka(ti — 1) (39)

With Eq. (29) we find the expression for the COP in
terms of the reduced heat conductivities (k; and &,) and
the reduced temperatures
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kty + kot?
102 22+
1

COP, =t, — kpt; — (k1 + 2k)ty. (40)
First we discuss the optimum COP, for variation of .
This optimization can be arranged by adjustment of the
orifice of the first stage, assuming a fixed configuration
of the double-inlet PTR, i.e., fixed k; and k,. Hence in
the optimum situation

kity + ko3
o = [~ (41)
2

Inserting in Eq. (40) gives the optimum COP,
COPZO =t — 2k2t10 + (kl + 2k2)tz. (42)

Now we will determine the best point to connect the first
stage to the regenerator. For this we put
k k

k1:— and k2: s
X 1 —x

(43)

which can be regarded as expressions defining two new
variables £ and x. In a simple case Eq. (43) corresponds
with a regenerator with a total length L = L, + L, with
the length of the first part of the regenerator L; = xL,
and of the second part L, = (1 —x)L (Fig. 1) and
K1d; = K24, = kA so that
KATH
k= .
LP
With Eq. (43), Eq. (41) obtains the form

—x
tlo(x, lz) = . tH + Z%. (45)

The conditions in Eq. (32) are satisfied if

15
— 2 <x 46
l+6-4 * (46)

The reduced heat flows (38) and (39), in the optimum
situation, read

(44)

q10 :g(l —tyo) (47)
and

k
qr = I——x (f]o — tz). (48)

The COP is derived from Eq. (42) and results in the
important expression

COPy =1, —k + kl// (49)
with

b 1) 2 %) 2t
21—2 — .
vix L) \/x(l—x)+(l—x) R

(50)

The function y contains the information of the variation
of the COP as function of x, the position of the first
stage. In the following sections we will discuss the im-

X0

plications of Eq. (50) for the performance and the design
of two-stage PTRs.

4.2. Maximum cooling power

Some examples of {y —x dependencies for various
values of 75 are given in Fig. 2. In the limit of x = 1 we
find ¥(1,%) = t,, which is the value for a single stage
PTR (Eq. (22)). For fixed ¢, the function y has a mini-
mum at
C1-8
Substitution in Eqs. (45), (47) and (48) gives for the
reduced first-stage temperature

(51)

Xm

tm=1—10 (52)
and for the reduced heat flows at the minimum of
dim = om = ktlm- (53)

In this situation ¢, = ¢, so the cooling power of the
first stage is zero. Basically, the system is a single-stage
PTR. Substitution of x,, in Eq. (50) shows ¥ (xy, %) = &
which indeed is the same value as of a single stage PTR
(Eq. (22)). For x < x,, we have gy, < gan which is not
physically meaningful (condition (33)).

For maximum cooling power at some given f, the
value of x must be chosen in such a way that the func-
tion Y(x, %) is a maximum. For x, <x <1 the function
Y has a maximum at

4 —t+\/E+4n (54)
- 8 — 6t ’

which gives a larger COP than for the single-stage COP.
The xo-value given by Eq. (54) satisfies condition (46)
and ranges from 0.5 (for , = 0) to 1 (for £, = 0.5). In

1.00

S

0.50

0.00

0.00 0.50 X 1.00

Fig. 2. The function y for various values of 75 (indicated in the figure)
as functions of x. The preferred position of the first stage is at the
maximum of . For higher 7, the maximum shifts to higher x values,
which means that the connection point is closer to the low-temperature
end of the regenerator.



A.T.A.M. de Waele et al. | Cryogenics 40 (2000) 459-464 463

engineering terms this means that, for high temperatures
(T, > 0.5Ty), a double stage has no positive effect, that
for very low T>-values the first stage should be connected
to the middle of the regenerator (x = 0.5), and that for
T, just below 0.5Ty the first stage should be connected
near the cold end (x = 1). Near the maximum the ¥ — x
curves are fairly flat which means that in a practical
situation the engineer has some freedom to connect the
first stage at a convenient position.

Inserting Eq. (54) in Eq. (45) gives the relation for the
first-stage temperature in the position for maximum
cooling power

1100 = llo(xO). (55)

We must demand ¢,y = £,, which means £, < 1/2. In the
optimum situation condition (46) is always satisfied.

4.3. Minimum temperature

The base temperature 7p; of the system is the second-
stage temperature with O = 0. Putting COP,; =0 in
Eq. (49) gives

dxk>

k) = T 3 x )

(56)

As an example a plot of #p, as function of x is presented
in Fig. 3 for £ = 0.1. Analysis of Eq. (56) shows that, at
x =k, fy, has a maximum equal to k/(1 + k), which
corresponds with the single-stage PTR. In this point
q10 = q20 = k/(1 + k). The minimum value of #g,, for k
fixed, is the lowest two-stage base temperature and will
be called #zy. It is found at the position given by

xpo(k) = % (1 + \/1+—8k> (57)

As xpo < 1 it follows that k£ < 1. This is easy to satisfy as
k can be considered as the ratio between the heat con-
duction in the case the low temperature is equal to zero

0.15
k=0.1
0.10 | ty
0.05 L,
000 Lo v v ...
0.00 050 100

Fig. 3. Plot of the two-stage base temperature ¢y, as function of x for
k = 0.1. For reference the single-stage base temperature g is given as
well.

and the compressor power P. In the case of zero heat
conductivity k = 0 and xgy = 1/2.

Fig. 4 is a plot of the optimum two-stage base tem-
perature

tpo = tga(xpo(k), k) (58)

as function of the heat-conduction parameter k. For
comparison the corresponding first-stage temperature
tg10 = t1o(xBo, tp0) and the single-stage minimum tem-
perature tg (Eq. (23)) are given as well. These curves
show the natural result that the temperatures get lower
when the heat conduction get smaller and that the sin-
gle-stage temperature is in between the first and second-
stage temperatures.

5. Discussion

Under several simplifying assumptions we have de-
rived analytical expressions which describe what hap-
pens when a stage is added to a single-stage PTR. For
maximum cooling power the optimum positioning of the
first stage, xy, given by Eq. (54), ranges from 0.5 (for
t=0) to 1 (for # =0.5). In engineering terms this
means that for very low Ty-values the first stage should
be connected to the middle of the regenerator and that,
for temperatures 7> > 0.57y =~ 150 K, adding a stage
has no positive effect. Near the maximum the  —x
curves are fairly flat which means that, in a practical
situation, the engineer has some freedom to connect the
first stage at a convenient position without too much
loss in efficiency.

If one is interested in reaching the lowest possible
temperatures the connection point of the first stage
varies between the mid (xgp = 1/2) and the cold end
(x = 1) of the regenerator (Eq. (57)). In the case of small

0.40
t
030 [ B )
020
tl%l/
o0/ .
o ts20
0.00 & : : :
000 010 020 030, 0.40

k

Fig. 4. Plots of the single-stage temperature 5, (dotted line) and the
first and second stage temperatures tg;o and ¢ (full curves) of a two-
stage PTR in the optimum situation as functions of the heat-conduc-
tion parameter k.
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heat conductivity the best position is at the mid point of
the regenerator.

For a proper interpretation of our results, it is em-
phasized that our calculations apply to a highly ideal-
ized situation. However, in cases where dissipation
mechanisms, other than heat conduction, are dominant
a similar approach should be applied. It is a challenge to
investigate whether it is possible to derive analytical
expressions for more general cases, e.g., with flow re-
sistance or bad heat contact in the regenerator, but we

expect that this may turn out to be impossible. In that
case a numerical approach would be unavoidable.
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