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Abstract

Reformulating the theory of pulse-tube operation from the ideal-gas situation to a real gas, changes the properties drastically. The

nonideal-gas properties have a profound e�ect on the energy balance in the regenerator and on the expression for the cooling power.

The temperature pro®les in the regenerator are strongly a�ected by the thermal properties of the ¯uid. We show that, for large ¯ow

rates, the dissipation in the regenerator is proportional to the ¯ow rate and cannot be reduced by reducing the thermal conduction

coe�cient or the regenerator geometry. Ó 1999 Elsevier Science Ltd. All rights reserved.
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1. Introduction

This paper is a continuation of our work on the
thermodynamical aspects of pulse tubes [1±4]. A sche-
matic diagram of a pulse tube refrigerator is given in
Fig. 1. So far we have mainly assumed that the working
¯uid is an ideal gas. This is certainly invalid for the
temperature ranges which can be reached nowadays
[5,6]. Therefore, in this paper, we will drop the condition
that the working ¯uid is an ideal gas. The operation of
heat engines working with real ¯uids around the critical
point has been treated by Allen et al. [7].

We will assume that the ¯ow resistance of the regen-
erator is zero (so the pressure varies with time, but not
with position), that the thermal contact between the
¯uid and the matrix is perfect, and that the heat capacity
of the regenerator matrix is very large (so the gas tem-
perature is constant in time but varies with position).
Finally, we assume that the void volume in the regen-
erator is very small (so the molar ¯ow rate, or the mass
¯ow rate, is the same everywhere in the regenerator).
Although these idealizations will limit the results of our
treatment considerably they will help in forming a clear
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Nomenclature

A area (m2)
C heat capacity (J/K mol)
E energy ¯ow (J/s)
L length (m)
H enthalpy (J)
Hp Eq. (3) (m3/mol)
n moles (mol)
np Eq. (6) (Pa mol/s)
O ori®ce
p pressure (Pa)
Q heat (J)
S entropy (J/K)
t time (s)
T temperature (K)
v velocity (m/s)
V volume (m3)

Greeks
aV volumetric expansion coe�cient (1/K)
j thermal conductivity (W/Km)

Subscripts
c conduction
H high temperature
ir irreversible

L low temperature
m molar
O maximum value
p pressure
r regenerator
t tube
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picture of the essentials of the phenomena, which might
otherwise be obscured by complicated mathematics.

In a previous paper [3] we have shown that the ther-
mal conduction plays an essential role in determining
the temperature pro®le in the regenerator. First we
discuss the consequences of the real-gas properties on
the temperature pro®le of regenerators. Furthermore we
derive expressions for the cooling power and the entropy
production.

2. General expressions

The molar enthalpy Hm, treated as a function of the
molar entropy Sm and the pressure p, satis®es

dHm � T dSm � Vm dp; �1�
where T is the temperature and Vm the molar volume. If
we consider Hm as a function of T and p, this can also be
expressed as

dHm � Cp dT � Hp dp �2�
with

Hp � 1� ÿ TaV�Vm; �3�
and Cp the heat capacity at constant pressure, and aV the
volumetric thermal expansion coe�cient. As an exam-
ple, in Fig. 2, Hp of 4He is given of a function of T for a
pressure of 15 bar. If 4He would be an ideal gas Hp

would be zero. In reality Hp is not zero even at room
temperature. The enthalpy ¯ow, which plays a key role
in the analysis of regenerators, is given by

H
� � nr

�
Hm; �4�

where n
�

r is the molar ¯ow rate in the regenerator (pos-
itive from left to right in Fig. 1). We split Hm in a time
average part and a varying part Hm � Hm� dHm and use
the fact that �n

�
r � 0. Furthermore, in our case, dT � 0 so

with Eq. (2) we get for the average enthalpy ¯ow

H
� � Hpnr

�
dp: �5�

We introduce the quantity np, which is de®ned as

np � nr
�
dp: �6�

With this notation

H
� � Hpnp: �7�

The value of np is determined by the molar ¯ow and the
pressure amplitude. In general np is a function of the
length coordinate l which runs from the hot end of the
regenerator (l � 0) to the cold end (l � Lr). However,
when the void volume is very small, nr

�
only is a function

of time and not of l. If the ¯ow resistance is zero also dp
is only a function of time. In this case np is constant. So,
for given ¯ow rate and pressure amplitude, the enthalpy
¯ow in the regenerator is proportional to Hp. 1 As Hp is
a function of temperature this means that the enthalpy
¯ow varies in the regenerator. This has important con-
sequences.

3. T-pro®le in the regenerator

3.1. Energy conservation

The ®rst law demands that in the steady state the total
average energy ¯ow

Er � _Qc � H
� �8�

is constant. The heat conduction is given by

_Qc � ÿjAr

dT
dl
; �9�

where j is the coe�cient of thermal conductivity and Ar

is the area of the cross-section of the regenerator. So

ÿjAr

dT
dl
� npHp � Er: �10�

Fig. 2. Hp ÿ T dependence of 4He at 15 bar. The horizontal line is

drawn at Hp � 12 cm3/mol. If T < 6:4 K, Hp > 12 cm3/mol.

Fig. 1. Schematic diagram of a pulse-tube refrigerator consisting of a

compressor (comp), three heat exchangers �X1; X2; X3�, a regenerator

(reg), a tube, an ori®ce, and a bu�er. In this paper we concentrate on

the regenerator in which half of the cycle heat is stored from the gas

and in the other half of the cycle heat is given of to the gas.

1 Stricktly speaking the equations given above only hold for small

pressure amplitudes, but Hp is not a strong function of pressure and we

will use the expressions also for higher pressure amplitudes.
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This is a di�erential equation determining the tempera-
ture pro®le in the regenerator. For a given temperatures
at the hot end (TH) and at the cold end (TL) the value of
Er is determined by the conditionZ TH

TL

jAr dT
Er�np� ÿ npHp

� Lr; �11�

where Lr is the length of the regenerator. This expression
is an implicit relation giving the energy ¯ow Er as a
function of np. Once Er is known the temperature pro®le
T �l� can be found from the relationZ TH

T

jAr dT
Er ÿ npHp

� l: �12�

3.2. Constant jAr

Even though the thermal conductivity and the cross-
section usually are far from constant we will discuss the
case of constant jAr for didactical reasons.

If np � 0, Eq. (11) gives

jAr�TH ÿ TL�
Lr

� Er�0�: �13�

The energy ¯ow is just the heat conduction and Eq. (12)
results in a linear temperature pro®le. The value of Er�0�
is the characteristic energy-¯ow scale of this problem.

If np > 0 the pro®le is not linear even if jAr is con-
stant. In regions where Hp is small the heat ¯ow is large
so the temperature gradient is large and vice versa. This
is illustrated in Fig. 3. At about 10 K Hp is negative and
_Qc is about its maximum value. In the temperature

ranges below 5 K or above 100 K Hp is relatively large,
so _Qc is small.

If np is increased from zero both Er and npHp increase
(Fig. 4). However, npHp increases faster than Er. For
large ¯ow rates Er becomes approximately equal to the
maximum value of npHp in the �TL; TH� interval

Er � max�npHp� � npHO: �14�
If this is the case the conducted heat becomes very small
and the temperature pro®le is ¯at in the region of the
regenerator where Hp is a maximum.

In Fig. 1 it can be seen that for 2:2 K6 TL6 6:4 K the
maximum of Hp in the �TL; TH� interval is at TL, while for
6:4 K6 TL6 300 K the maximum of Hp is at TH. This
gives rise to a distinctly di�erent behavior of the solu-
tions of Eqs. (11) and (12) if TL6 6:4 K or TL > 6:4 K
(Figs. 4 and 5).

The thermal conductivity of regenerator material is
typically an order of magnitude less then the bulk value
[8]. An example is calculated taking j � 1 W/K m, Ar � 8
cm2, and Lr � 40 cm, giving _Qc0 � jArTH=Lr � 0:6 W,
which is the characteristic energy ¯ow of this system. The
nonideal-gas e�ects are noticeable if the variations in
npHp are comparable with _Qc0. With variations in Hp of

order 10 cm3/mol this means that pronounced e�ects of
the ¯ow are to be expected if np is on the order of
0:6=�10� 10ÿ6� � 60 kPa mol/s. With a pressure ampli-
tude of 300 kPa the molar amplitude is 0:2 mol/s. For
¯ows below this value the thermal conduction dominates,
for ¯ows above this value the ¯ow phenomena dominate.

Fig. 3. Variation of the heat ¯ow _Q in the regenerator. In regions

where Hp is small _Q is large, and in regions where Hp is large (as around

room temperature and at temperatures below 4 K) _Q is small.

Fig. 4. Variation of Er as a function of np for TL � 2:2 K and TL � 8

K. The dotted lines represent Er � npHp�2:2 K� and Er � npHp�8K�,
respectively.
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This is illustrated in the Figs. 4 and 5. Fig. 4 gives the
dependance of Er on np for TL � 2:2 K and TL � 8 K.
The corresponding temperature pro®les are given in Fig.
5. For TL < 6:4 K and at larger values of np, we see
dT=dl � 0 near the low-temperature side of the regen-
erator. The temperature pro®le is ¯at (Fig. 5) and the
heat ¯ow is small. The largest gradient occurs at 12 K
where the di�erence between Er and npHp is a maximum.
For TL > 6:4 K and large np, dT=dl � 0 near the high-
temperature side of the regenerator. The e�ect is less
pronounced since the Hp ÿ T dependance at high tem-
peratures is rather ¯at.

In general, for large ¯ow rates, Eq. (14) holds, so the
total energy ¯ow is equal to the enthalpy ¯ow corre-
sponding with the maximum value of Hp, independent of
the thermal conduction coe�cient of the regenerator
material.

3.3. Entropy production

The only irreversible process in the regenerator is heat
conduction, so the entropy production in the regenera-
tor is determined by _Qc. With Eq. (8) [1]

_Sir �
Z TH

TL

_Qc

T 2
dT �

Z TH

TL

Er ÿ npHp

T 2
dT : �15�

If the ¯ow rate is very high Eq. (14) holds so

_Sir � np

Z TH

TL

HO ÿ Hp�T �
T 2

dT : �16�

This expression has a rather unexpected consequence:
usually, an ideal regenerator is assumed to have zero
entropy production. If the ¯uid is an ideal gas this can
be achieved by reducing the heat conduction to arbitrary
low values using low-j material or decreasing the Ar=Lr

ratio. In the case of a real gas, however, there will come
a point where the heat ¯ow is reduced so far that _Qc is
on that same order as the enthalpy ¯ow npHp. From that
moment on one cannot further reduce the entropy
production. In the limit the entropy production is not a
function of the thermal conductivity. The only result of
reducing the thermal conduction is that the temperature
gradient increases in part of the regenerator. The limit-
ing value of the entropy production is given by Eq. (16).
So, the entropy production due to thermal conduction is
the same even if the thermal conduction is very small. In
engineering terms it means that it is not useful to reduce
the thermal conduction below a certain value.

4. Cooling power

In the ideal case in the tube (Fig. 1) S
�
� 0 so the av-

erage energy ¯ow in the tube, as derived with Eq. (1), is

Et � Vmnp: �17�
Energy conservation at the low-temperature heat ex-
changer X2 demands

Er � _QL � Et; �18�
where _QL is the applied heating power. So

_Qc � H
� � _QL � Et: �19�

Here _Qc and H
�

in this, and in the following expressions,
have to be evaluated at the cold end of the regenerator.
With Eqs. (3) and (17) we ®nd

_QL � T aVVmnp ÿ _Qc; �20�
which is an expression for the net cooling power of the
pulse tube. In the limit of high ¯ow rates and TL < 6:4 K
we saw that _Qc � 0, so

_QL � T aVVmnp: �21�
The thermal expansion coe�cient aV satis®es

aVVm � oVm

oT

� �
p

� ÿ oSm

op

� �
T

: �22�

It must be zero at T � 0 according to the third law.
However, in the case of 4He, aV � 0 already just above

Fig. 5. Temperature pro®les in the regenerator for TL � 2:2 K and

TL � 8 K for various values of np (indicated in the graphs in kPa mol/

K). In the case of TL � 2:2 K the maximum of Hp is near the low

temperature end and for TL � 8 K the maximum is at the high-tem-

perature end. Therefore the two T-pro®les are completely di�erent.
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the lambda point, so at about 2 K. It even is negative at
lower temperatures. So at 2 K the cooling power is zero.
For 3He [9] the temperature where aV � 0 is varies from
0.5 K at low pressures to 1.2 K near the melting curve.

5. Velocities inside the tube

In general

T dSm � CV

oT
op

� �
Vm

dp � Cp

oT
oVm

� �
p

dVm �23�

from which follows

oVm

op

� �
Sm

� CV

Cp

oVm

op

� �
T

: �24�

The change of a volume Vt under adiabatic compressions
is given by

dVt

dt
�
Z Lr

0

oVm

op

� �
Sm

dp
dt

dn

� dp
dt

Z Lr

0

oVm

op

� �
Sm

Atdl
Vm

: �25�

Using this expression and Eq. (23) gives the velocity vL

at the cold end, related to the velocity vH at the hot end,
by

vL � vH � dp
dt

Z Lr

0

CV

Cp

jT dl �26�

with the isothermal compression coe�cient

jT � ÿ 1

Vm

oVm

op

� �
T

: �27�

Contrary to the ideal gas case the second term in Eq.
(26) depends on the temperature distribution in the tube.

6. Discussion

We have shown that reformulating the theory from
the ideal-gas situation to a real gas changes the
properties of the system drastically. The nonideal gas
properties have a profound e�ect on the energy balance
in the regenerator and on the expression for the cooling

power. The temperature pro®les in the regenerator are
strongly a�ected by the thermal properties of the ¯uid.
The prediction of the theory, that the pro®le changes
drastically if the low temperature passes the 6.4 K value
has not been demonstrated experimentally yet. A fun-
damental di�erence between an ideal gas and a real gas
is further that, for large ¯ow rates, the dissipation in the
regenerator is proportional to the ¯ow and cannot be
reduced by reducing the thermal conduction coe�cient
or the regenerator geometry.
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